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Understanding the SEDOL Common Core Math Curriculum Frameworks
What makes the Common Core Standards Different from the Illinois State
Standards?
The Common Core State Standards were developed through a state-led initiative that
drew on the expertise of teachers, researchers and content experts from across the
country. While Illinois, and many other states already had state standards, it was very
clear that they lacked focus, coherence, rigor, and most importantly they did not align
with College Readiness Standards. This became a problem when looking at highstakes tests such as the PSAE/ACT. While Illinois Learning Standards aligned with the
ISAT exams, they fell short when aligned to the PSAE/ACT. This is why many K-12
districts saw a dip in performance between 8th and 11th grade.
Illinois was not alone. If one compares standards from state to state, they differ
tremendously. Therefore, the percentage of students meeting or exceeding individual
state standards were never close to being the same. Some state’s standards were more
rigorous than others resulting in states with less demanding standards to have a higher
rate in students meeting or exceeding standards.
For years there has been a need for greater focus in U.S. mathematics education. Math
education in the U.S. was seen by many other countries as being a mile wide and an
inch deep. Prior to the Common Core, state standards were making little progress in
terms of organizing math so that the subject made sense. States forced teachers to
cram in a wide range of math concepts with little depth and no logical progression or
relationship between concepts.
The Common Core States Standards for Mathematics were designed with focus,
coherence, and rigor in mind. The Standards narrow the scope of content in each
grade so that students can focus more deeply on the few remaining concepts. While
‘narrowing’ in education is often viewed negatively because it is associated with cuts in
areas like arts, technology, resources, etc. In terms of math, narrowing means “teaching
less, learning more;” allowing math to “lose a few pounds and gain some muscle.” With
more coherence between standards, math is no longer a disjointed list of concepts, but
a logical progression of principles that build within and across grade levels. To help
students meet the expectations of the standards, educators will need to rigorously
pursue, with equal intensity, conceptual understanding, procedural skill and fluency, and
applications. Through a greater depth of understanding of less concepts The Standards
strive for greater achievement at the college- and career-ready level.
While the Common Core State Standards for Mathematics are a step in the right
direction in helping students achieve in mathematics, alone they cannot raise
achievement. Standards do not stay up late at night working on lesson plans, or stay
after school making sure every student learns - it’s teachers who do that. Through
correct implementation, a properly aligned curriculum, and supportive staff,
administrators, and educational leaders, the Standards will become a reality in schools.
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How are the Common Core Standards Structured?
The Common Core State Standards for Mathematics are broken into:
Domains - are larger groups of related standards. Standards from different domains
may sometimes be closely related.
Clusters - summarize groups of related standards. Note that standards from different
clusters may sometimes be closely related, because mathematics is a connected
subject.
Standards - define what students should understand and be able to do.
Domain

Cluster

Standard

These Standards do not dictate curriculum or teaching methods. For example, just
because topic A appears before topic B in the standards for a given grade, it does not
necessarily mean that topic A must be taught before topic B. A teacher might prefer to
teach topic B before topic A, or might choose to highlight connections by teaching topic
A and topic B at the same time. Or, a teacher might prefer to teach a topic of his or her
own choosing that leads, as a byproduct, to students reaching the standards for topics
A and B.
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How is the SEDOL Common Core Math Curriculum Framework Structured?
The SEDOL Common Core State Standards for Mathematics Curriculum Framework takes all of
the Common Core State Standards that were traditionally organized by separate grade levels,
and organizes them in a progressional format across grade levels. The Standards in the
SEDOL Curriculum Framework are the original Common Core Standards. No wording has
changed and the standards remain with their proper cluster heading and proper domain. What
is different is that the standards have been organized by concept (e.g., counting) and then
mapped out in such a way so that the progression of the concept can be seen across grade
levels.

CCS
S
Dom
ain

Represent and Interpret

CCSS
Standard

Concept
Reference

Measurement and Data
(K.MD)
Classify objects and count the number of objects
in each category.
3. Classify objects into given categories; count the
number of objects in each category and sort the
categories by count (limit counts to less than or
equal to ten).

Measurement and Data
(1.MD)

CCSS
Students will demonstrate mastery of all
Domains previous skills and learn to:
Represent and interpret data.
4. Organize, represent, and interpret data with up to
three categories; ask and answer questions about
the total number of data points, how many in each
category, and how many more or less are in one
CCSS
category than in another.

Clusters

SEDOL
Instructional
Instructional Strategies: It is important that students
realize all the different ways objects canStrategies
be classified.
There is not just one way to classify an object. Have
them explore objects around the classroom and
brainstorm all the different ways they can classify
objects within the classroom1. Discuss with students
their findings and reasonings (MP.1, MP.2, MP.3, MP.5,
MP.6, MP.7).
Also connect classification to other subject areas.
Classification can be seen in all subject areas. For
example, in reading, words can be classified based on
vowel sounds, syllables, beginning letter, etc. The
more students practice classification, the better they
will get at determining their own measurable attributes
to classify something (MP.4).
After classifying and sorting objects students should
count the number of objects in each category (MP.4).
Then, if they have a grasp of cardinality and comparing
numbers, have them talk about their finding referring to
the numbers (MP.2, MP.3, MP.6, MP.8).
Have students also practice with classification by
guessing the rule for already sorted items (MP.1).

Instructional Strategies: In the previous stage,
students learned how to recognize the number of
objects in a group and then compared it to the number
of objects in another group. Unlike the previous stage,
where groups were either made for the student or
specific criteria was given for sorting, students now
begin to sort items by their own criteria. Students
should be asked to sort a collection of items by up to
three categories. Certain objects may still warrant the
need for sorting categories to be given4. Discuss and
analyze findings of sorts (MP.1, MP.3, MP.7).
Reinforce previous concepts, by asking students about
the number of items in each category as well as which
category has more items (MP.2). Also, have students
practice addition by adding up the total number of
Instructional
items (MP.1). The total number of items
should be less
than or equal to 20, since addition and
subtractionto
up8
alignment
1
to 20 is the focus of this level .

mathematical

This concept should also be connected practices
to geometry by
having students sort collections of geometric shapes.
Students should then be questioned on their sorts1.
After students have had experience sorting objects,
they may begin to create graphic representations of
the sorts. They
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Measurement and Data
(2.MD)
Students will demonstrate mastery of all
previous skills and learn to:
Represent and interpret data.
9. Generate measurement data by measuring lengths
of several objects to the nearest whole unit, or by
making repeated measurements of the same
object. Show the measurements by making a line
plot, where the horizontal scale is marked off in
whole-number units.
10. Draw a picture graph and a bar graph (with singleunit scale) to represent a data set with up to four
categories. Solve simple put- together, take-apart,
and compare problems using information
presented in a bar graph.

Instructional Strategies: At this stage students
expand on their graphing knowledge to move from
making tally counts of categories or cluster graphs to
making bar graphs and picture graphs. A bar graph
representing categorical data displays no additional
information beyond the category counts. The bars are
just a way to make the category counts easier to
visually interpret. The hardest part for children is not
collecting the data, but properly creating and labeling
bar graphs4.
At first students should create picture graphs where
each row or bar consists of countable parts (MP.4).
These graphs show items in a category and do not
have a numerical scale. For example, if students were
counting the different color eyes in his/her class, the
graph would show eyes lined up end to end
horizontally or vertically. Students would then just
count how many eyes were in a row or column1. Also
practice using scaled picture graphs where one picture
may represent 2,3,4... counts which is represented in a
key (MP.2, MP.5). Make sure students label the
categories and the title of the graph (MP.1, MP.6).
After students learn to make picture graphs, move to
making bar graphs with a numerical scale (MP.4).
Demonstrate how a bar graph is just like a picture
graph but it has a number scale. Refer to the number
scale as a count scale and discuss how it is similar to
a number line diagram4. Practice labeling the scale on
bar graphs using graph paper (MP.1, MP.6).
Line plots are useful tools for collecting data because
they show the number of things along a numeric scale.
They are made by simply drawing a number line then
placing an X above the corresponding value on the line
that represents each piece of data. Line plots are
essentially bar graphs with a potential bar for each
value on the number line1 (MP.1)

Represent and Interpret Data

Instructional Strategies Continued:

Instructional Strategies Continued: may create
tables with marks for the number of items in each
category. Or, they may create picture graphs in which
one picture represents one object (though picture
graphs are not an expectation until the next level)
Students may also create cluster graphs. A cluster
graph is made up of two or three labeled loops and
students place the appropriate items in each loop.
Objects that do not fit the criteria of any loop get
placed outside of the regions. It is important that all
of these forms of representation get modeled by the
teacher several times before students create their
own. Have students discuss and analyze
representations of data (MP.1, MP.2, MP.3, MP.4, MP.
5, MP.6, MP.7, MP.8).

SEDOL
Common
Common Misconceptions: Students may have a
Misconceptions: Students may have a
MisconceptionsCommon
hard time narrowing down the method of classification
hard time coming up with the criteria to sort a group of
in presorted objects. They may give a set of criteria
that is too broad. For example, if some shapes were
sorted into piles of triangles and circles, a student
might say the classification of the triangle pile is
“shapes” rather than triangles. Help students see that
sometimes they need to look closer at the objects in a
set to see if they have more specific details in
common.

object by. They may choose criteria to broad or too
narrow. Or, they may choose criteria such that an
object fits into two criteria making the sort difficult.
Students that struggle with coming up with criteria to
sort objects need to still be directed to how groups
should be sorted. Some students may still need the
criteria for sorting told directly to them, while other
might just need a direction (e.g., look at the colors of
the items).

Instructional Strategies Continued: At this level
students are generating a set of data on their own. For
example, students might measure the length of their hand
and record values to make a class data chart (MP.4, MP.
5). Students need to understand that measurement data
gets represented in a line plot (MP.2). Instruct students
on how to make a line plot by first making a number line
that ranges from the greatest and least values and then
making marks above the line for each data piece4 (MP.4,
MP.6).
Discuss the similarities and differences between bar
graphs, picture graphs, and line plots. Discuss how line
plots allow one to see gaps between data points (e.g.,
four data points on 67 and one on 69, but none on 68),
while in bar graphs there are no “gaps” between
categories (e.g., green and blue)4 (MP.1, MP.3, MP.6, MP.
7).
Pose questions that use information in the graphs. Ask
questions that involve simple put together, take-apart, and
compare problems found in table 1 of the CCSS1.

Common Misconceptions: It might be natural for a
student to want to represent measurement data with
a bar graph, but measurement data points (e.g.,
25in.) are not categories and therefore cannot be put
in a bar graph. They should be represented through a
line plot.
Students often have trouble labeling a scale correctly
on graph paper. They often write the scale numbers
within the spaces on the grid rather than next to the
tics where the horizontal and vertical lines meet.
Stress this when instructing students on how to make
bar graphs.
e.g.

2

2
1

1

0

Assessment Procedure:
Assessment K.G. (AMC)

Vocabulary:
Sort

SEDOL
Vocabulary

SEDOL
Assessment
Assessment Procedure:
Procedures

Incorrect

Assessment Procedure:

Assessment 1.G (AMC)

Assessment 2.G (AMC)

Vocabulary:

Vocabulary:

Number count
Cluster graph
Category

Picture graph
Bar graph
Line plot
Scale

The SEDOL Common Core Math Curriculum Framework is broken into five parts for
each concept.
1. Common Core Standard: Taken directly from the Common Core State Standards
2. Instructional Strategies: An unwrapping of standards along with instructional
strategies and pointers that can be used to teach the standard(s) within a given
concept. References to the 8 mathematical practices (See page 12) are also given.
3. Common Misconceptions: A description of some common misconceptions children
have when learning given standard(s) and teaching suggestions to avoid future
misconceptions.
4. Assessment Procedures: Assessments that are currently available to test students’
understanding of given standard(s).
5. Vocabulary: A list of vocabulary that applies to given standard(s)
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How should the Common Core Math Curriculum Frameworks be utilized?
SEDOL Curriculum Frameworks were designed to allow teachers to trace how
mathematical concepts are developed over time, known as a vertical alignment.
Although this is known as a vertical alignment, it is presented in a horizontal fashion
within the Framework. This allows teachers to map out previous concepts that a child
needs to learn before conceptually understanding more difficult concepts. Quite often
teachers struggle in understanding why a student is not grasping a mathematical
concept. The SEDOL Common Core Curriculum Framework allows for teachers to look
for gaps in student’s understanding of a concept that may be impeding understanding of
many mathematical concepts.
While the SEDOL Common Core Curriculum Framework organizes concepts through a
vertical alignment (presented horizontally) in the order they should be taught, the
framework does not dictate the order in which concepts should be taught within a
particular grade level band (presented vertically). A student may not fall into one grade
level for all concepts. For example, a student may have mastered standard 1.NBT.11 but
still be working on standard K.OA.32. In addition, many concepts within one column may
be taught simultaneously. For example, students can be working on standard 1.OA.23
while working on standard 1.MD.44.
It should also be noted, that not all the standards should be equally weighted in
importance. Some clusters require greater emphasis than others based on the depth of
ideas, the time that they take to master, their importance to future mathematics, and/or
the demands of college and career readiness. In addition, an intense focus on the most
critical material at each grade allows depth in learning, which is carried out through the
Standards for Mathematical Practice (see page 12 ).
To say that some things have greater emphasis is not to say that anything in the
standards can safely be neglected in instruction. Neglecting material will leave gaps in
student skill and understanding and may leave students unprepared for the challenges
of a later grade.

1

Count to 120, starting at any number less than 120. In this range, read and write numerals and represent a number
of objects with a written numeral
2 (Decompose numbers less than or equal to 10 into pairs in more than one way, e.g., by using objects or drawings,
and record each decomposition by a drawing or equation (e.g., 5 = 2 + 3 and 5 = 4 + 1))
3 (Solve word problems that call for addition of three whole numbers whose sum is less than or equal to 20, e.g., by
using objects, drawings, and equations with a symbol for the unknown number to represent the problem.)
4 (Organize, represent, and interpret data with up to three categories; ask and answer questions about the total
number of data points, how many in each category, and how many more or less are in one category than in another.)
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Where is there more emphasis in each grade level?
In the table below is a breakdown of the quantity of standards found within each
Common Core domain. This table allows for one to see the number of standards in
each grade, what domains may be of larger focus within each grade, and what domains
may require more instructional time to meet all of the standards. For example, in
kindergarten and first grade measurement and data have a small part in the overall
curriculum, while in second grade it has a much larger part in the curriculum. This does
not mean it is of more importance than the other domains, it just means that there are
more standards on measurement and data to meet within second grade.
Common Core Domain

Third

Fourth

Fifth

Number and Operations - Fractions (NF)

7

12

11

Number and Operations in Base Ten (NBT)

3

6

8

Operations and Algebraic Thinking (OA)

9

5

3

Geometry (G)

2

3

4

Measurement and Data (MD)

12

8

8

Total

33

34

34

Below is another way to view the above standard breakdown based on the concept
references within SEDOL’s Common Core Framework. It provides a more specific
breakdown of what concepts may or may not play a larger role in the curriculum.
SEDOL Framework Concept Reference

Third

Fourth

Fifth

Number Sense

3

0

0

Factors and Multiples

0

1

0

Order and Compare - Fractions and Decimals

4

6

1

Place Value

1

3

3

Addition and Subtraction

1

5

3

Multiplication and Division

5

6

10

Algebraic Thinking

3

2

3

Operation Comprehension

2

2

2

Time and Money

1

0

0

Measurement

1

2

1

Lines and Angles

0

5

0

Represent and Interpret Data

2

1

1

Area, Perimeter, and Volume

8

1

7

Coordinate Graphing

0

0

2

Shape Reasoning

2

2

2

Total

33

36

35

Note: Totals differ because some standards appear within two concept references.
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How do I know what standards I should emphasize throughout the year?
The SEDOL Common Core Math Curriculum Framework identifies which clusters are
major, supporting, and additional through a color-coded star ( ) next to each cluster.
Major Cluster: Should make up about two-thirds to three-quarters of the math
curriculum. Should especially predominate in the first half of the year.
Supporting Cluster: Should make up about one-third to one-fourth of the math
curriculum. These are likely taught in conjunction with a major cluster.
Additional Cluster: Should make up a small fraction of the math curriculum. These
are often taught in isolation, but can be taught in conjunction with a major cluster.
The SEDOL Common Core Math Curriculum Framework should be utilized along with
the SEDOL Common Core Math Curriculum Scope and Sequence and Alignment
documents. The Scope and Sequence documents will help in breaking down standards
throughout the year to allow for a logical progression. The alignment document will
identify what curricular tools are available to teach any particular Common Core
standard.
What are the required computational fluencies in each grade?
Fluency is defined as being efficient, accurate, and flexible in one’s thinking. This
means that students should not only be able to provide correct answers quickly but also
to use facts and computation strategies they know to efficiently determine answers that
they do not know. Therefore when it is stated that students should be fluent in adding/
subtracting within 1,000,000, this does not mean they have memorized all facts within
1,000,000 but rather that they have developed efficient, accurate, and flexible ways to
solve addition/subtraction problems within 1,000,000.
Grade

Standard

Required Fluency

K

K.OA.5

Add/Subtract within 5

1

1.OA.6

Add/subtract within 10

2

2.OA.2
2.NBT.5

Add/Subtract within 20
Add/Subtract within 100

3

3.OA.7
3.NBT.2

Multiply/divide within 100
Add/subtract within 1000

4

4.NBT.4

Add/subtract within 1,000,000

5

5.NBT.5

Multi-digit multiplication

6

6.NS.2
6.NS.3

Multi-digit division
Multi-digit decimal operations
9

Progress to Algebra in Grades k-8
6

7

8

1

2

3

4

5

Number and
Operations in Base
Ten

Number and
Operations in Base
Ten

Number and
Operations in Base
Ten

Number and
Operations in Base
Ten

Number and
Operations in Base
Ten

Number and
Operations in Base
Ten

Ratios and
Proportional
Relationships

Ratios and
Proportional
Relationships

Work with numbers 11-19 to
gain foundations for place
value

Extend the counting sequence

Understand place value

Understand place value

Use place value
understanding and
properties of operations to
perform multi-digit arithmetic.

Generalize place value
understanding for multi-digit
whole numbers.

Understand the place value
system.

Use place value
understandings and
properties of operations to
add and subtract

Understand ratio concepts
and use ratio reasoning to
solve problems.

Analyze proportional
relationships and use them
to solve real-world and
mathematical problems.

Number and
Operations Fractions

Number and
Operations Fractions

Number and
Operations Fractions

The Number
System

The Number
System

The Number
System

Develop understanding of
fractions as numbers.

Extend understanding of fraction
equivalence and ordering.

Use equivalent fractions as a
strategy to add and subtract
fractions.

Apply and extend previous
understandings of multiplication
and division to divide fractions
by fractions.

Apply and extend previous
understandings of operations
with fractions to add,
subtract, multiply, and divide
rational numbers.

Know that there are
numbers that are not
rational, and approximate
them by rational numbers.

K

High School

Counting and
Cardinality
Know number names and the
count sequence
Count to tell the number of
objects
Compare numbers

Use place value understanding
and properties of operations to
add and subtract

Use place value understanding
and properties of operations to
perform multi-digit arithmetic.

Build fractions from unit
fractions by applying and
extending previous
understandings of operations on
whole numbers.
Understand decimal notation for
fractions, and compare decimal
fractions.

Operations and
Algebraic Thinking

10

Understand addition as
putting together and adding
to, and understand
subtraction as taking apart
and taking from.

Perform operations with multidigit whole numbers and with
decimals to hundredths.

Apply and extend previous
understandings of
multiplication and division to
multiply and divide fractions.

Compute fluently with multi-digit
numbers and find common
factors and multiples.

Number and
Quantity

Apply and extend previous
understandings of numbers to
the system of rational numbers.

Operations and
Algebraic Thinking

Operations and
Algebraic Thinking

Operations and
Algebraic Thinking

Operations and
Algebraic Thinking

Operations and
Algebraic Thinking

Expressions and
Equations

Expressions and
Equations

Expressions and
Equations

Add and subtract within 20

Represent and solve problems
involving addition and
subtraction

Represent and solve
problems involving
multiplication and division.

Use the four operations with
whole numbers to solve
problems.

Write and interpret numerical
expressions.

Use properties of operations
to generate equivalent
expressions.

Work with radicals and
integer exponents.

Understand properties of
multiplication and the
relationship between
multiplication and division.

Gain familiarity with factors
and multiples.
Multiply and divide within
100.

Apply and extend previous
understandings of arithmetic
to algebraic expressions.
Reason about and solve
one-variable equations and
inequalities.

Represent and solve
problems involving addition
and subtraction
Understand and apply
properties of operations and
the relationship between
addition and subtraction

Add and subtract within 20
Work with groups of objects to
gain foundations for
multiplication
Use place value understanding
and properties of operations to
add and subtract.

Analyze patterns and
relationships.
Generate and analyze
patterns.

Solve problems involving the
four operations, and identify
and explain patterns in
arithmetic.

Work with addition and
subtraction equations

Represent and analyze
quantitative relationships
between dependent and
independent variables.

Solve real-life and
mathematical problems
using numerical and
algebraic expressions and
equations.

Understand the connections
between proportional
relationships, lines, and
linear equations.
Analyze and solve linear
equations and pairs of
simultaneous linear
equations.

Algebra and
Functions

Functions
Define, evaluate, and compare
functions.
Use functions to model
relationships between
quantities.

Geometry

Geometry

Geometry

Geometry

Geometry

Geometry

Geometry

Geometry

Geometry

Analyze, compare, create
and compose shapes

Reason with shapes and
their attributes

Reason with shapes and
their attributes

Reason with shapes and
their attributes.

Draw and identify lines and
angles, and classify shapes
by properties
of their lines and angles.

Graph points on the
coordinate plane to solve
real-world and mathematical
problems.

Solve real-world and
mathematical problems
involving area, surface area,
and volume.

Draw, construct, and describe
geometrical figures and
describe the relationships
between them.

Understand congruence and
similarity using physical
models, transparencies, or
geometry software.

Solve real-life and mathematical
problems involving angle
measure, area, surface area,
and volume.

Understand and apply the
Pythagorean Theorem.

Identify and describe shapes
(squares, circles, triangles,
rectangles, hexagons,
cubes, cones, cylinders, and
spheres)

Classify two-dimensional
figures into categories based
on their properties.

Measurement and
Data

Measurement and
Data

Measurement and
Data

Measurement and
Data

Measurement and
Data

Measurement and
Data

Statistics and
Probability

Statistics and
Probability

Statistics and
Probability

Describe and compare
measurable attributes

Measure lengths indirectly
and by iterating length units

Measure and estimate
lengths in standard units
Relate addition and
subtraction to length

Convert like measurement
units within a given
measurement system.
Represent and interpret
data.

Use random sampling to
draw inferences about a
population.

Investigate patterns of
association in bivariate data.

Tell and write time

Solve problems involving
measurement and
conversion of measurements
from a larger unit to a
smaller unit.
Represent and interpret
data.

Develop understanding of
statistical variability.

Classify objects and count
the number of objects in
each category

Solve problems involving
measurement and estimation of
intervals of time, liquid volumes,
and masses of objects.
Represent and interpret data.

Represent and interpret data

Work with time and money
Represent and interpret data

Geometric measurement:
understand concepts of area
and relate area to multiplication
and to addition.
Geometric measurement:
recognize perimeter as an
attribute of plane figures and
distinguish between linear and
area measures.

Geometric measurement:
understand concepts of
angle and measure angles.

Geometric measurement:
understand concepts of
volume and relate volume to
multiplication and to addition.

Summarize and describe
distributions.

Draw informal comparative
inferences about two
populations.
Investigate chance
processes and develop, use,
and evaluate probability
models.

Geometry

Solve real-world and
mathematical problems
involving volume of cylinders,
cones, and spheres.

Statistics and
Probability

Common Multiplication and Division Situations
The first examples in each cell are examples of discrete things. These are easier for students and should be given before the measurement examples.
Unknown Product
3x6=?

There are 3 bags with 6 plums in each bag.
How many plums are there in all?

Groups Size Unknown
(“How many in each group?” Division)
3 x ? = 18, and 18 ÷ 3 = ?

Number of Groups Unknown
(“How many groups?” Division)
? x 6 = 18, and 18 ÷ 6 = ?

If 18 plums are shared equally into 3 bags, If 18 plums are to be packed to a bag, then
then how many plums will be in each bag? how many bags are needed?

Equal
Groups

Measurement example. You need 3 lengths of Measurement example. You have 18
string, each 6 inches long. How much string
inches of string, which you will cut into 3
will you need altogether?
equal pieces. How long will each piece of
string be?

Measurement example. You have 18 inches
of string, which you will cut into pieces that
are 6 inches long. How many pieces
of string will you have?

There are 3 rows of apples with 6 apples in
each row. How many apples are there?

If 18 apples are arranged into equal rows of
6 apples, how many rows will there be?

Arrays,*
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Area**

Area example. What is the area
of a 3 cm by 6 cm rectangle?

If 18 apples are arranged into 3 equal
rows, how many apples will be in each
row?
Area example. A rectangle has area 18
square centimeters. If one side is 3 cm
long, how long is a side next to it?

Area example. A rectangle has area 18
square centimeters. If one side is 6 cm
long, how long is a side next to it?

A blue hat costs $6. A red hat costs 3 times as A red hat costs $18 and that is 3 times as A red hat costs $18 and a blue hat costs $6.
much as the blue hat. How much does the red much as a blue hat costs. How much does How many times as much does the red hat
hat cost?
a blue hat cost?
cost as the blue hat?
Compare***

General

Measurement example. A rubber band is 6 cm Measurement example. A rubber band is
long. How long will the rubber band be when it stretched to be 18 cm long and that is 3
is stretched to be 3 times as long?
times as long as it was at first. How long
was the rubber band at first?
axb=?

a x ? = p, and p ÷ a = ?

Measurement example. A rubber band was
6 cm long at first. Now it is stretched to be
18 cm long. How many times as long is the
rubber band now as it was at first?
? x b = p, and p ÷ b = ?

*The language in the array examples shows the easiest form of array problems. A harder form is to use the terms rows and columns: The apples in the grocery window are in 3 rows and 6 columns. #How many apples
are in there? Both forms are valuable.
**Area involves arrays of squares that have been pushed together so that there are no gaps or overlaps, so array problems include these especially important measurement situations.
*** The grayed boxes indicate that the compare problem type does not appear until fourth grade

What are the 8 Mathematical Practices?
The Common Core State Standards for Mathematical Practice are practices expected to
be integrated into every mathematics lesson for all students Grades K-12. They are not
intended to be taught in isolation. They are a balanced combination of procedure and
understanding. Expectations that begin with the word “understand” are often especially
good opportunities to connect the practices to the content. Students who lack
understanding of a topic may rely on procedures too heavily. Without a flexible base
from which to work, they may be less likely to consider analogous problems, represent
problems coherently, justify conclusions, and apply the mathematics to practical
situations. They may not use technology mindfully to work with the mathematics, explain
the mathematics accurately to other students, step back for an overview, or deviate from
a known procedure to find a shortcut. In short, a lack of understanding effectively
prevents a student from engaging in the mathematical practices.
See the table below for a further explanation of the 8 Mathematical Practices.
Mathematical Practices
1. Make sense of problems
and persevere in solving
them.

2. Reason abstractly and
quantitatively.

3. Construct viable
arguments and critique the
reasoning of others.

4. Model with mathematics.

5. Use appropriate tools
strategically.

Student
•
•
•
•
•
•

Discuss problem solving methods.
Check answer to see if it “makes sense”.
Use manipulatives to help them understand and solve a problem.
Create a method for solving a puzzle or problem.
Recognize patterns or relationships in problems.
Demonstrate understanding of math foundation before developing algorithm.

•
•
•
•

Break down problems into symbols.
Understand symbols in a problem
Represent quantities and problems in multiple ways.
Use appropriate units of measurement (people, GPA, cars, inches, pounds, etc.)

•
•
•
•
•

Use objects, drawings, diagrams, and actions to solve a problem
Demonstrate knowledge of when to utilize certain mathematical concepts and theories.
Justify their answers and explanations of how they solved the problem.
Compare the effectiveness of two possible solutions.
Listen or read the arguments of others, decide whether they make sense, and ask useful questions to clarify
or improve the arguments.

•
•
•
•
•
•
•
•
•
•

Apply math skills to solve problems arising in everyday life, society, and the workplace.
Write an addition equation to describe a situation.
Apply math knowledge to solve mathematical problems.
Identify important quantities in a practical situation.
Map math relationships using such tools as diagrams, two-way tables, graphs, flowcharts and formulas.
Analyze math relationships to draw conclusions.
Determine if results make sense and correcting the problem solving process if it does not.
Represent with words or pictures the path to the solution of a problem.
Draw diagrams in which they represent the problem situations and relevant concepts using bars.
Understand the concepts and work out a strategy for finding the answer.

• Select appropriate tools when solving a problem
• Identify relevant external mathematical resources, such as digital content located on a website, and use
them to pose or solve problems.
• Use technological tools to explore and deepen their understanding of concepts.
• Analyze graphs of functions and solutions generated using a graphing calculator.
• Detect possible errors by strategically using estimation and other mathematical knowledge.
• Use technology to help them visualize the results of varying assumptions, explore consequences, and
compare predictions with data.
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Mathematical Practices

6. Attend to precision.

7. Look for and make use of
structure.

8. Look for and express
regularity in repeated
reasoning.

Student
•
•
•
•

Use clear definitions in discussion with others and in their own reasoning.
Communicate with mathematical terms.
Know the meaning of the symbols they choose.
Are careful about specifying units of measure, and labeling axis to clarify the correspondence with quantities
in a problem.
• Calculate accurately and efficiently.

• Identify a pattern or structure (See 7 × 8 equals 7 × 5 + 7 × 3, in preparation for learning about the
distributive property)
• Sort a collection of shapes according to how many sides the shapes have.
• Recognize the significance of an existing line in a geometric figure.
• Can use the strategy of drawing an auxiliary line for solving problems.
• Step back for an overview and shift perspective.
• See complicated things, such as some algebraic expressions, as single objects or as being composed of
several objects.
• Allow symbols or pictures to take the place of numbers to explain a concept.

•
•
•
•
•

Notice if calculations are repeated.
Look both for general methods and for shortcuts.
Maintain oversight of the process, while attending to the details.
Continually evaluate the reasonableness of their results throughout the problem solving process.
Describe the pattern they discover.
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Instructional Planning for the Math Block
SEDOL demonstrates commitment to high quality mathematics instruction by designating 60 - 90
minute blocks of time for mathematics instruction in elementary school classrooms. A high
quality math block should include daily number sense and computational development for all
students. The math block should also include regular opportunities to work in-depth with algebra,
geometry, measurement and data. (Also see Three part Problem- Based Instructional Model)
Essential Components
of a Math Block
Number Talk (daily)
Whole class (also appropriate for
small group if class need requires)
Kindergarten (5 min.)
Grades 1-5 (5-15 min.)
Small Group (3-5 times per week)
Grades K-5 (5-15 min.)

Independent Work Time (3-5 times
per week)
Grades K-5 (30-60 min.)

Whole Group Lesson (1-3 times
per week)
The following are guidelines based
on a regular education setting:
Grades K-1 (30-40 min.)
Grade 2 (40-50 min.)
Grades 3-5 (50-60 min.)

Assessment Opportunities (daily)

What it looks like

Rationale

Brief time for students to develop
mental computation strategies
Teacher poses a problemstudents solve it in their own way and
then share their strategy with the
group.

It is important for students to be
flexible in their strategies, depending
on the context of the problem. By
seeing others’ thinking, their
collection of possible strategies
increases.

Provide experiences that result in
new learning for students.
Appropriate levels of support are
provided, leading ultimately to
independence.
Intervention with concepts not
necessary for the whole group.

Students have a variety of needs
within a classroom. Small group time
allows the teacher to bring students
together to build on a strength in
order to come to new learning.

Stations can be introduced in
whole group or small group, with
support released to independence
Differentiated work on the concept
being developed
Stations usually related to number
sense and computation.
Teacher plays an active role setting
a purpose, roaming, monitoring and
interacting with students at the
stations through skillful/guided
questioning.

“Students need opportunities to
reflect on, or create new ideas
through problem-based tasks.” (Van
de Walle, 2004)
Number concepts tend to be the
most complex and require the most
time to develop. This time has the
greatest potential for students to get
the practice they need to internalize
the concept. Students first learn how
to do the task and then they learn
from the task.

Three-part, (launch, explore,
summary) problem-based lesson
format is recommended
Supports students in developing
grade level appropriate concepts.
Review of previous concepts,
introduction of new concepts and/or
connection of past and new learning.
Students have time to make sense
of the concept in their own way.

“Much more learning occurs and
much more assessment information
is available when a class works on a
single problem and engages in
discourse about the validity of the
solution.” (Van de Walle, 2004)

Teachers gather assessment data
during all components of the math
block.
Teachers use formal interviews,
questions, observation and student
work.
Teachers use the suggested
assessments listed on the SEDOL
Math Assessment Plan.

“Assessment can and should happen
every day as an integral part of
instruction. If you restrict your view of
assessment to tests and quizzes you
will miss seeing how assessment can
help students grow. (Van de Walle,
2004)
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PROBLEM-BASED THREE PART LESSON
INSTRUCTIONAL MODEL
Problem-centered teaching opens the mathematics classroom to exploring, conjecturing,
reasoning, and communication. This model is very different from the “transmission” model in
which teachers tell students facts and demonstrate procedures and then students memorize
the facts and practice the procedures. This model looks at instruction in three phases:
launching, explore, and summary.

Launch
In the first phase, the teacher launches the problem with the whole class. This involves
helping students understand the problem setting, the mathematical context, and the
challenge. The following questions can help the teacher prepare for the launch:
• What are students expected to do?
• What do the students need to know to understand the context of story and the
challenge of the problem?
• What difficulties can I foresee for students?
• How can I keep from giving away too much of the problem?
The launch phase is also the time when the teacher introduces new ideas, clarifies
definitions, reviews old concepts, and connects the problem to past experiences of the
student. It is critical that, while giving students a clear picture of what is expected, the
teacher leaves the potential of the task intact. He or she must be careful not to tell too much
and lower the challenge of the task to something routine or to cut off the rich array of
strategies that may evolve from an open launch of the problem.

Adapted from Aurora Public School Curriculum Guide 2008
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Explore
In the explore phase, students work individually, in pairs, in small groups, or occasionally as
a whole class to solve the problem. As they work, they gather data, share ideas, look for
patterns, make conjectures, and develop problem-solving strategies. It is inevitable that
students will exhibit variation in their progress. The teacher’s role during this phase is to
move about the classroom, to observe individual performance, and to select specific student
work samples to be shared during the summary phase. The teacher helps students
persevere in their work and differentiate their work by asking appropriate questions and
providing confirmation and redirection where needed. For students who are interested in
and capable of deeper investigation, the teacher may provide additional challenges related
to the problem. Although it is imperative that all students be given enough time and
opportunity to thoroughly work on the problem, it is not always necessary for every student
to finish the problem at this time.
The following questions can help the teacher prepare for the explore phase:
• How will I organize the students to explore this problem? (Individuals? Pairs? Groups?
Whole class?)
• What materials will students need?
• How should students record and report their work?
• What different strategies can I anticipate they might use?
• What questions can I ask to encourage student conversations, thinking, and learning?
• What questions can I ask to focus their thinking if they become frustrated?
• What questions can I ask to challenge students if the initial question is “answered”?

Adapted from Aurora Public School Curriculum Guide 2008
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Summary
The summary phase of instruction begins when students have gathered sufficient data or
made sufficient progress toward solving the problem. In this phase, students discuss their
solutions as well as the strategies they used to approach the problem, organize the data,
and find the solution. During the discussion, the teacher helps students enhance their
understanding of the mathematics in the problem and guide them in refining their strategies
into efficient, effective problem-solving techniques.
Although the summary discussion is led by the teacher who has collected specific student
work samples he or she would like shared, students play a significant role. Ideally, they
should pose conjectures, question each other, offer alternatives, provide reasons, refine
their strategies and conjectures and make connections. As a result of the discussion,
students should become more skillful at using the ideas and techniques that come out of the
experience with the problem.
During the summary phase, content goals of the problem, investigation, and unit can be
addressed, allowing the teacher to assess the degree to which students are developing
their mathematical knowledge. At this time, teachers can make additional instructional
decisions that will enable all students to reach the mathematical goals of the activities. The
following questions can help the teacher prepare for the summary:
• How can I help the students make sense of and appreciate the variety of methods that
may be used?
• How can I orchestrate the discussion by choosing specific student work samples that
will help students summarize their thinking about the problems?
• What concepts or strategies need to be emphasized?
• What ideas do not need closure at this time?
• What definitions or strategies do we need to generalize?
• What connections and extensions can be made?
• What new questions might arise and how do I handle them?
• What will I do to follow-up, practice, or apply the ideas after the summary?

Adapted from Aurora Public School Curriculum Guide 2008
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NUMBER TALKS
What is a number talk?
Number talks are a regular
opportunity for students to
engage in reasoning and
meaning making in order to
increase computational
fluency. Students publicly
communicate their thinking
and develop flexible
strategies. Strategies are
scripted using a variety of
models.
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Why do a number talk?
• Number talks provide an
opportunity for students to
build on and make
connections to prior
understandings.
• Students have the
opportunity to develop
flexibility and fluency with
mathematics.
• Teachers gather formative
data about students’
understanding.
• Number talks establish and
reinforce a culture for
math discourse leading to
students’ independence
and agency.
• Number talks provide a visual
record of student thinking
that can be accessed in the
classroom.

What does a number talk look like?
•The teacher poses a problem or a series of related
problems to the whole class or a small group.
•The teacher provides adequate time for students to
mentally compute a solution.
•The teacher accepts and records all answers.
•The teacher asks for students to explain their answers
and scripts multiple student responses.
•Students have the opportunity to question, clarify and
self-correct.
•The group comes to agreement on a correct solution.
•The pacing is quick to hold student engagement; over
time all strategies are explored, but every student will
not be heard every day.
How do teachers support number talks?
• Teachers provide manipulatives or models consistently to
help students understand the underlying structure of
numbers.
• Teachers choose problems based on student strengths.
Problems can be posed in a context to support students
making meaning.
• Teachers facilitate student talk by limiting their voice to
clarification questions.
• Teacher’s mathematical notation of solutions puts students’
thinking into a visual format or model.
• Teachers maintain a neutral attitude while accepting and
scripting solutions.
• While mathematically notating, teachers use a variety of
visual models to represent student thinking.
• Mathematically notated student responses are posted as a
classroom visual support.
• Teachers and students notice and label student strategies
that can be added to the classroom record.
• Teachers choose problems based on both their observations
of student work and grade level goals.
• Teachers choose problems and/or models that allow all
students access to the problem.

What behaviors to look for?
• Students are listening to each
other.
• Students show increased
confidence, flexibility, and
fluency with number and number
sense.
• All students actively engage in
trying the problem.
• A variety of strategies are
suggested.
• Many student voices are heard and
validated.

What are some professional
resources that support
number talks?
• Van De Walle, Teaching
Developmentally.
• Richardson, Kathy, Planning
Guide for Developing
Number Sense
• Richardson, Kathy, Math Time:
Thinking with Numbers video

CCSS
Domain

Number and Operations - Fractions (3.NF)
Students will demonstrate mastery of all previous skills and learn
to:

Develop understanding of fractions as numbers
1. Understand a fraction 1/b as the quantity formed by 1 part
when a whole is partitioned into b equal parts; understand a
fraction a/b as the quantity formed by a parts of size 1/b.
2. Understand a fraction as a number on the number line;
represent fractions on a number line diagram.
a. Represent a fraction 1/b on a number line diagram by
defining the interval from 0 to 1 as the whole and
partitioning it into b equal parts. Recognize that each part
has size 1/b and that the endpoint of the part based at 0
locates the number 1/b on the number line.
b. Represent a fraction a/b on a number line diagram by
marking off a lengths 1/b from 0. Recognize that the
resulting interval has size a/b and that its endpoint
locates the number a/b on the number
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Number Sense

Instructional Strategies: This is the first experience students
have with fraction notation, and it is critical that students are
taught concepts relating to fractions over a long period of time.
Students at this stage are only working with fractions with
denominators of 2, 3, 4, 6, and 81.
Understanding that a fraction is a quantity formed by equal parts
of a whole is essential to number sense with fractions. Often
students easily understand fair sharing (e.g., share 4 brownies
with 8 people), so starting with simple sharing tasks is a good
place to begin the development of fractions. With the aid of
manipulatives and drawings, students will eventually make
connections between the idea of fair shares and fractional
parts11 (MP.1, MP.4, MP.5).
During discussion of student solutions, introduce the vocabulary
of fractional parts (MP.3). This should happen casually, and
initially without any symbols. For example, when a brownie has
been cut into equal shares, simply say, “We call these fourths.
The whole is cut into four parts. All of the parts are the same
size - fourths.” Students should be familiar with some fractional
language from standards found in previous levels (see 1.G.3
and 2.G.3). What is important that students realize is (1) the
number of parts and (2) the equality of the parts (in size, not
necessarily in shape)11.
Models are fundamental in the development of fractional
understanding (MP.4, MP.5). Often teachers in the upper
grades fail to allow their students to utilize manipulatives and
models for fractional development. Or, teachers stick to one
type of model (e.g., circular “pie” pieces). There are three types
of models that teachers should be utilizing to model fractions:
area or region models, length models, and set models. Set
models will not be introduced until the following stage (grade 4).
Examples of region models and length models are shown on the
next page.

Instructional Strategies:

Instructional Strategies:

Instructional Strategies Continued: Region or area
models are useful in ‘sharing tasks’, because smaller parts are
either easily made, drawn, cut, or seen.
Circular “Pie” Pieces

Rectangular Regions

Geoboards

Grid or Dot Paper

Pattern Blocks

Paper Folding
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Number Sense

Length or measurement models are used to compare lengths
rather than areas.
Cuisenaire Rods

Number Lines

Line Segments

Paper Folding

Students need to relate dividing a shape into equal parts and
representing this relationship on a number line (MP.2, MP.4, MP.
6). In doing so, students will understand that fractions are not just
sections of shapes with some shaded in. They will realize that
fractions are also numbers. This will also help students with
future concepts of measuring.
For example:
4/6 =

is also represented on a number line as 4 copies of 6 equal
parts:

0

1/6

2/6

3/6

4/6

5/6

6/6 or 1

Students should also discuss non-examples of fractions and be
able to explain why a whole is not partitioned correctly.
For example:
Fourths

Non-example

Example

Instructional Strategies Continued:

Instructional Strategies Continued:

Instructional Strategies Continued: As a quick activity,

Instructional Strategies Continued:

Instructional Strategies Continued:

Common Misconceptions:

Common Misconceptions:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

have students practice counting with fractions just as they had to
practice counting with whole numbers. Counting equal-sized
parts (e.g., 0, 1/4, 2/4. 3/4, 4/4 or 1) helps students determine the
number of parts it takes to make a whole and also recognize
fractions that are equivalent to whole numbers1 (MP.7, MP.8)
Counting can be done as a class in game fashion similar to
“Buzz” where the “buzz” number is one-whole. The number of
parts are selected (e.g., 8ths) and then starting with 0, every
student then goes around saying the corresponding fractions
(e.g., 1/8. 2/8, 3/8, 4/8, etc.) and the student who says the whole
(e.g., 8/8) also says “buzz” and must sit down. Counting
continues with either the same fractional part or a new one. The
last student standing wins the game.
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Number Sense

As a note, the way we write fractions with a top and a bottom
number and a bar between is a convention - it is an arbitrary
agreement. It falls into the category of things you simply just tell
children. However, it is important that children still learn to make
sense of the convention’s format. If children are allowed to make
sense of the symbolic representation of fractions through pictorial
representations, they should be able to tell you what the top and
bottom numbers stand for without any sort of formal teaching (MP.
3, MP.7).

Common Misconceptions: Many students think that the only
shapes that can be divided are circles, squares, or rectangles.
And, they often think that all shapes are divided in the same way.
To prevent students from overgeneralizing about dividing shapes
up into equal parts, be sure to show examples of fractions in all
three model types1.
When using set models, the idea of referring to a collection of
counters as a single entity is difficult for children. Often they will
focus on the size of the sets rather than the number of equal sets
in the whole. For example, if 12 counters make a whole, then a
set of four counters is one-third of the set. Many children will say
one-fourth because they are focusing on the size of the part, not
the relationship of the part to the whole11.

Assessment Procedure:

Vocabulary:
Unit fraction
Whole number
Region (area) model
Length (measurement) model

part
whole
Equal shares
Numerator
Denominator

Operations and Algebraic Thinking (4.OA)

CCSS
Domain

Students will demonstrate mastery of all previous skills and learn
to:

Gain familiarity with factors and multiples.
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Factors and Multiples

4. Find all factor pairs for a whole number in the range 1–
100. Recognize that a whole number is a multiple of each
of its factors. Determine whether a given whole number in
the range 1–100 is a multiple of a given one-digit number.
Determine whether a given whole number in the range 1–
100 is prime or composite.

Instructional Strategies:

Instructional Strategies: Students need to develop an
understanding of the concepts of prime and composite numbers,
including the relationship of factors and multiples, in order to
better understand fractions and future fraction concepts.
Definitions of prime and composite should not be provided, but
determined after many strategies have been used in finding all
possible factors (MP.3, MP.6, MP.7, MP.8). Multiplication and
division are used to develop concepts of factors and multiples1.
So, if a student does not have an understanding of multiplication
and division, they will have a hard time understanding prime and
composite numbers.
Students need to develop strategies for determining if a number
is prime or composite (has a whole number factor that is not one
or itself) (MP.6). Provide children with a number chart with
numbers 1 to 20. Demonstrate how all multiples of prime
numbers are composite. For example, 2 is prime, but 4, 6, 8,
10, etc,... are composite. Children need to have a good
understanding of basic multiplication to understand prime and
composite numbers. Encourage the development of rules that
can be used to aid in the determination of composite numbers
(MP.8). For example, other than 2, if a number ends in an even
number (0, 2, 4, 6, and 8), it is a composite number1. Be sure to
have students discuss their understanding of prime numbers
(MP.3).
Using area models or arrays will also help students analyze
numbers and arrive at an understanding of whether a number is
prime or composite. Have students construct rectangles with an
area equal to a given number. They should see an association
between the number of rectangles and the given number for the
area as to whether this number is a prime or composite number1
(MP.1, MP.4, MP.6, MP.7) For example, if you have the number
12 how many different area models or arrays can be made:

Instructional Strategies:

Instructional Strategies Continued:

Instructional Strategies Continued:

Instructional Strategies Continued:

In having students create area models or arrays they are
able to see the different multiples for the same number.
Remind students that if there is a remainder, then the
numbers chosen are not multiples.
The idea that a product of any two whole numbers is a
common multiple of those two numbers is a difficult concept
for many children to understand. For example, in 6 x 5 is
30, 30 is a common multiple of each.

6

12

18

24

30

36

42

48

5

10

15

20

25

30

35

40
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Factors and Multiples

Ask students what they notice about the number 30 in each
set of multiples. They should see that 30 is the 5th multiple
of 6 and the 6th multiple of 51 (MP.7, MP.8)
Knowing how to determine factors and multiples is the
foundation for finding common multiples and factors in
following stages. It also will help students in understanding
fraction concepts such as adding/subtracting fractions and
finding equivalent fractions.

Common Misconceptions:

Common Misconceptions: Often times when students

Common Misconceptions:

go to list out the multiples of a number, they forget to list the
number itself. For example, when listing the multiples of 4 a
student may write 8, 12, 16, etc,... instead of 4, 8, 12, 16,
etc,... Emphasize that the smallest multiple is the number
multiplied by 1 (e.g., 4 x 1). Additionally, some students may
think that larger numbers have more factors. Having
students share all factor pairs and how they found them will
clear up this misconception.
Additionally, if students are not given enough time to make
sense of factors and multiples, they often get them
confused. Students will list multiples when asked to find the
factors, or vice versa.

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:
factor
multiple
product

Assessment Procedure:

odd
even
prime
composite

Vocabulary:

CCSS
Domain

Number and Operations—Fractions (3.NF)
Students will demonstrate mastery of all previous skills and
learn to:
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Order and Compare - Fractions and Decimals

Develop understanding of fractions as numbers.
3. Explain equivalence of fractions in special cases, and
compare fractions by reasoning about their size.
a. Understand two fractions as equivalent (equal) if
they are the same size, or the same point on a
number line.
b. Recognize and generate simple equivalent
fractions, e.g., 1/2 = 2/4, 4/6 = 2/3. Explain why the
fractions are equivalent, e.g., by using a visual
fraction model.
c. Express whole numbers as fractions, and
recognize fractions that are equivalent to whole
numbers. Examples: Express 3 in the form 3 = 3/1;
recognize that 6/1 = 6; locate 4/4 and 1 at the
same point of a number line diagram.
d. Compare two fractions with the same numerator or
the same denominator by reasoning about their
size. Recognize that comparisons are valid only
when the two fractions refer to the same whole.
Record the results of comparisons with the
symbols >, =, or <, and justify the conclusions,
e.g., by using a visual fraction model.

Number and Operations—Fractions (4.NF)
Students will demonstrate mastery of all previous skills and learn to:

Extend understanding of fraction equivalence and
ordering.
1. Explain why a fraction a/b is equivalent to a fraction (n × a)/(n × b)
by using visual fraction models, with attention to how the number
and size of the parts differ even though the two fractions
themselves are the same size. Use this principle to recognize and
generate equivalent fractions.
2. Compare two fractions with different numerators and different
denominators, e.g., by creating common denominators or
numerators, or by comparing to a benchmark fraction such as 1/2.
Recognize that comparisons are valid only when the two fractions
refer to the same whole. Record the results of comparisons with
symbols >, =, or <, and justify the conclusions, e.g., by using a
visual fraction model.

Understand decimal notation for fractions, and compare
decimal fractions.
5. Express a fraction with denominator 10 as an equivalent fraction
with denominator 100, and use this technique to add two
fractions with respective denominators 10 and 100. For example,
express 3/10 as 30/100, and add 3/10 + 4/100 = 34/100.
6. Use decimal notation for fractions with denominators 10 or 100.
For example, rewrite 0.62 as 62/100; describe a length as 0.62
meters; locate 0.62 on a number line diagram.

Understand decimal notation for fractions, and
compare decimal fractions.
7. Compare two decimals to hundredths by reasoning about their
size. Recognize that comparisons are valid only when the two
decimals refer to the same whole. Record the results of
comparisons with the symbols >, =, or <, and justify the
conclusions, e.g., by using a visual model.

Number and Operations to Base Ten (4.NBT)
Students will demonstrate mastery of all previous skills and learn to:

Generalize place value understanding for multi-digit
whole numbers.
2. Read and write multi-digit whole numbers using base-ten
numerals, number names, and expanded form. Compare two
multi-digit numbers based on meanings of the digits in each place,
using >, =, and < symbols to record the results of comparisons.

Number and Operations to Base Ten (5.NBT)
Students will demonstrate mastery of all previous skills and
learn to:

Understand the place value system.
3. Read, write, and compare decimals to thousandths.
b. Compare two decimals to thousandths based on
meanings of the digits in each place, using >, =, and
< symbols to record the results of comparisons.

Instructional Strategies: When comparing fractions it is

Instructional Strategies: In previous stages students

Instructional Strategies: In this stage students will

important to stress to students that you can only compare
fractions when they are referring to the parts of the same
whole. 1/2 of an extra large pizza cannot be compared to
1/8 of the number of people at a sporting event. However,

compared numbers by looking at the values in corresponding place
values up to hundreds. Students are to now extend their
understanding of comparing numbers to compare any multi-digit
whole number using place-value understanding (MP.6, MP.7).
Students should be given

extend their knowledge of the base-ten system to decimals to
the thousandths place. In the previous stage students
should have mastered identifying and working with decimals
to the hundredth. Now students will be using that
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Instructional Strategies Continued: 1/2 of 1 unit (inch,

Instructional Strategies Continued: the opportunity to

Instructional Strategies Continued: understanding,

centimeter, yard, etc.) can be compared to 1/8 of the same unit.
Students are to write the results of the comparisons with the
symbols <, >, or =. When using the symbols, <, >, and = to
compare numbers students are often taught to use an aid
(pacman, alligator, bird, etc.).1 While this is an effective aid in
helping students draw the symbol in the correct direction,
students often do not associate the real meaning and name with
the symbol. It is important to stress the meaning of the symbols,
(e.g., < is less than) if using aids.

compare numbers with the same number of digits (e.g., 356
and 724), numbers that have the same number in the
ones place (e.g., 72, 736, and 73,647), and numbers that
have different number of digits and different values in the
ones place (e.g., 452, 67, 607, and 5,725)1.

and newly gained knowledge on the thousandths position,
to identify the relationship between place values, how to
compare decimals, and how to round decimals to the
thousandths place3 (MP.6) For students who are not able
to read, write and represent multi-digit numbers, working
with decimals will be challenging.

Understanding why a fraction is close to 0, , or 1 is a good
beginning for fraction number sense. It begins to help students
reason about fractional size and compare fractions without
having to rely on any algorithm or picture (MP.2, MP.3, MP.7).
However, the only way students will become strong at this skill is
if they have previously been allowed to explore fractions with
manipulatives and models (MP.4, MP.5). Prior to working on
these standards, students should also know which fractions
equal to one. The counting activity mentioned in the instructional
strategies for “number sense” will help in students’
understanding of fractions equal to one.
As an activity, present students with a set of 10 to 15 fractions.
A few should be greater than 1 (e.g,
), with others
ranging from 0 to 1. Have students then sort the fractions
according to whether they are closest to 0, , or 1. As a later
extension, have students reason as to whether the fractions that
are close to are more or less than . Be sure to have
children explain their reasoning11 (MP.3, MP.6, MP.7)
After students have become strong in their reasoning as to
whether fractions are close to 0, , 1, they can begin to
compare two fractions to each other (MP.2). This is where
students knowledge about whole numbers often interferes with
their understanding of fractions. Students should not be taught
the usual approaches of cross-multiplying or finding a common
denominator to compare fractions. They require no thought
about the relative size of the fractions. What should instead be
discovered are benchmark comparisons and conceptual
comparison schemes that rely on the meanings of the top and
bottom numbers in fractions and the relative sizes of unit
fractional parts11 (MP.6, MP.7). Make sure students are given
opportunities to discuss their reasoning (MP.3). These methods
are listed on the following page.

When comparing fractions students are no longer just
comparing fractions with similar denominators. Students will
use their knowledge about factors and multiples to compare
two fractions with different denominators (MP.2, MP.4, MP.6,
MP.7). Students should also still use benchmark fractions
such as 1/2 to compare two fractions. The result of the
comparisons should be recorded using <, >, and = symbols.
(As mentioned in the previous stage be careful about
attaching pictorial images to symbolize <, >, and = (e.g.,
pacman, alligator)).
For example:
When comparing 2/3 with 5/6 students would first draw
models of each of the fractions.
5/6:
2/3:

It is important to note that in the world outside of
classrooms, we almost never have to even think about the
order of “ragged” decimals (decimals with a large number
of digits after the decimal). The real purpose of having
student learn to order and compare decimals up to the
thousandths place is to create a better understanding of
decimal numeration11 (MP.2, MP.6, MP.7, MP.8). Build off of
concepts learned in the previous stage and have students
start of by comparing smaller digits and then move on to
comparing larger digits. Have students discuss their
findings (MP.3).

Utilize decimal frames to help students compare decimal
numbers.
For Example,

Students should be able to see that 5/6 is larger than 2/3
based on the model. However, students should still have to
figure out what would need to be done to either model to
make the number of parts the same (MP.2, MP.7). Students
need to know that the number of parts in a model are not
meant to become smaller (although later they will learn some
cases they might be able to if the fraction can be reduced).
Students should use their knowledge of multiples to get the
parts the same.
In the example above, students would need to experiment
how 3 parts and 6 parts can be made the same. Students
should list out the multiples of 3 and 6 to find a common
multiple. Then determine what factor either fraction should be
multiplied by.
3: 3, 6, 9, 12, 15 - multiply by 2
6: 6, 12, 18, 24 - multiply by 1
2/3:

x2

5/6:

x1

In doing so, students will be able to see how the two fractions
compare (MP.7).
It is important that students get familiar with base-ten fractions
(fractions with denominators of 10 and 100) prior to learning
how to compare decimals. Getting to understand base-ten
fractions allows for an easier connection between fractions
and decimals. Not only that, it also allows for a clearer

.7

.45

.275

Ask students which value has the largest units. Students
should see that the units for .7 are larger than the units for
.275.
Be sure to have students compare decimals with different
number of digits (e.g., 0.134, and 0.12). Even though in
the world outside of the classroom we are rarely asked to
compare decimals with a different number of digits after
the decimal point, having students do so is a good
assessment of decimal understanding11 (MP.2, MP.6, MP.
7) Presenting students with four or five decimals that may
be difficult for them to order (e.g., 0.301, 0.031, 0.003, and
0.31) will help students develop understanding of decimal
numeration. Be sure to have students defend their
reasoning with models.

Instructional Strategies Continued:

26

Order and Compare - Fractions and Decimals

1. More of the
same-size parts

To compare and , it is easy to think of 3
things and 5 of the same thing. Children will
often get this type of comparison correct, but
with wrong reasoning. They will get it correct
because they relate it to their understanding of
whole numbers with 5 being bigger than 3. If
students get caught in this reasoning, they will
get comparisons between fractions like and
wrong.

2. Same
number of
parts, but
different sizes

Consider the case of and . Many students
will select as the larger fraction because 7 is
more than 4 and the top numbers are the same.
This approach will yield correct choices when
the parts are the same size, but does not work
when comparing parts of different sizes. This is
like comparing 3 apples with 3 watermelons.
The number of items are the same, but the
melons are much larger.

3. More and
less than
one-half or
one-whole

The fraction pairs versus and versus do
not lend themselves to either of the previous
thought processes. In the first pair, is less
than half the number of sevenths needed to
make a whole, and so is less than a half.
Similarly, is more than a half. Therefore, is
the larger fraction. The second pair is
determined by noting that one fraction is less
than 1 and the other is greater than 1.

**NOTE - not
expected till
following stage
**
4. Distance
from one-half
or one whole
**NOTE - not
expected till
following stage
**

Why is greater than ? Not because the 9
and 10 are big numbers, although you will find
that to be a common student response. Each is
one fractional part away from one whole, and
tenths are smaller than fourths.

It is important that these methods of comparison come from
the students and their discussions. To teach these methods
would be adding four more mysterious rules about fractions.
Equivalent fractions can be recognized and generated using
fraction models. Students should utilize different models to
find equivalent fractions within each model1. Again, avoid
teaching procedures to find equivalent fractions (e.g.,
multiply/divide numerator and denominator by the same
number). Students need to first explore, recognize, and
explain equivalent fractions through models.

Instructional Strategies Continued: understanding of
decimal values. Knowing that 0.62, for example, is 6/10 +
2/100 (or 62/100) helps in understanding that 0.62 > 0.06.
Teaching students to compare decimals digit by digit can take
longer (and is more difficult to conceptualize) than having
students reason about the decimal written as a base-ten
fraction.
When comparing two decimals, remind students that just like
comparing two fractions, the decimals need to refer to the
same whole. Allow students to also use visual models to
compare two decimals. They can shade in a representation
of each decimal on a 10 x 10 grid. The 10 x 10 grid is defined
as one whole. Have students reason about their finding1 (MP.
3, MP.4)

0.4
0.04
The 10 x 10 grid is a reasonable tool at this point, but when
students start comparing decimals larger than 2-digits it no
longer is an effective tool. This is why it is important to
always refer to base-ten fraction notation for decimals. Also
be sure to continually remind students that writing a decimal
as a fraction does not make it a different number. It is just a
different way to write the same number. Just as whole
numbers can also be written as a fraction.
As an additional activity, having students comparing decimals
to benchmarks is a good idea. Have students reason as to
whether decimals are closest to 0, .50, and 1. Doing so will
help students learn to reason about decimals and their
value11 (MP.2, MP.6, MP.7)

Instructional Strategies Continued:

Common Misconceptions: Students’ strong mindset
about whole numbers can often cause difficulties when it
comes to reasoning about fractions. Students will often use
their understanding of whole numbers to reason about the
size of fractions. They judge the size of a fraction based on
just the numerator or just the denominator without looking at
the relationships between the parts and the whole. Or,
students come to arbitrary rules such as “larger bottom
number means smaller fractions” which are inappropriate.
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The use of different models, such as fraction bars and
number lines, allows students to compare unit fractions to
reason about their sizes.

Common Misconceptions: Students think that when
generating equivalent fractions they need to multiply or
divide either the numerator or the denominator, such as
changing 2/3 to sixths. They would multiply the denominator
by 3 to get 2/6, instead of multiplying the numerator by 3
also. Their focus is only on the multiple of the denominator,
not the whole fraction. Students need lots of practice using
models so that they see that the number of shaded parts
also changes1.

Common Misconceptions: As students start working with
larger decimals, as mentioned in the previous stage, many
students think that the number with more digits is the larger
number. Conversely, some students that have discovered
that digits far to the right represent very small numbers, then
incorrectly identify numbers with more digits as smaller (e.g.,
3.451 is smaller than 3.2). Both errors reflect a lack of
conceptual understanding of how decimal numbers are
constructed and of decimal place value11.

When comparing decimals, students often think that the
value of a decimal is related to the length of the decimal,
because they draw on false analogies with whole numbers.
For example, they know that 456 is larger than 62 because it
contains more digits so they believe that 3.143 is larger than
3.45 because it has more digits.
Repeated practice with models and decimal place value will
help students in understanding how to order and compare
decimals.

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:

Equivalent
Numerator
Denominator
Fraction bar
Equal shares

Equivalent fractions
Mixed number
Improper fraction
Decimal

Equivalent fractions
Mixed number
Improper fraction
Decimal
Decimal point

CCSS
Domain

28

Place Value

Number and Operations in Base Ten (3.NBT)

Number and Operations in Base Ten (4.NBT)

Number and Operations in Base Ten (5.NBT)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Use place value understanding and properties of
operations to perform multi-digit arithmetic.

Generalize place value understanding for multidigit whole numbers.

1. Use place value understanding to round whole numbers
to the nearest 10 or 100.

1. Recognize that in a multi-digit whole number, a digit in
one place represents ten times what it represents in the
place to its right. For example, recognize that 700 ÷ 70 =
10 by applying concepts of place value and division.
2. Read and write multi-digit whole numbers using base-ten
numerals, number names, and expanded form. Compare
two multi-digit numbers based on meanings of the digits
in each place, using >, =, and < symbols to record the
results of comparisons.
3. Use place value understanding to round multi-digit whole
numbers to any place.

Instructional Strategies: Prior to implementing rules for

Instructional Strategies: Provide multiple opportunities in

Instructional Strategies: To help students understand the

rounding students need to have a solid foundation in place
value. Place value understanding is used to round whole
numbers. Dependence on learning just rules of rounding can
be eliminated with strategies such as the use of a number line
to determine which multiple of 10 or 100 a number is nearest.
Students should understand that values of 5 or more in the
tens (when rounding to nearest 100) or ones place (when
rounding to nearest 10) indicate round up, and less than 5 in
the tens (when rounding to nearest 100) or ones (when
rounding to nearest 10) rounds down1.

the classroom setting and use real-world context for students
to read and write multi-digit whole numbers.

relationship between all place-values, have them first focus on
whole-number place values. Students should again use
manipulatives and numerals to review how ten of any unit will
make 1 of the next larger. For example, using unifix cubes,
have students see how many unifix cubes it takes to make a
value in the tens place. Then, how many tens it takes to make
a value in the hundreds place, etc. Students should discover
that with each place value the manipulatives grow ten times
larger and this can continue infinitely. Having established the
progression to larger pieces focus on the idea that each piece
to the right gets smaller by one-tenth. It should already be
established that there is no biggest piece, so now the question
to ask students becomes “Is there ever a smallest
piece?” (MP.7, MP.8). To many students the centimeter square
is the smallest piece, but couldn’t that be divided into 10
smaller pieces? And then couldn’t those pieces be divided
into 10 smaller pieces, and so on? The goal of this discussion
is to help students see that a 10-to-1 ratio can be extended
infinitely in two directions11 (MP.3, MP.7)

Use manipulatives such as color-coated number lines to help
students understand when to round up or down.

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

round
to 0

round to
10

round to
10

round to
20

round
to 20

This will help students visualize when to round numbers up or
down (MP.5, MP.6).
Students can practice rounding even further by listing
numbers that will round to a particular value. For example,
list all of the numbers that will round to 201 (MP.1, MP.6, MP.7,
MP.8)
Students should understand and be able to describe the
benefits and drawbacks of rounding (MP.2, MP.6, MP.7).
Sometimes, if applying rounding to computing, rounding and
then computing can actually take longer than actually
computing the problem. Students should realize when
rounding is helpful/useful and when it is not (MP.7). For
example, students may round when describing the amount

To read numerals between 1,000 and 1,000,000 students
need to understand the role of commas (MP.7). Each
sequence of three digits made by commas is read as
hundreds, tens, and ones, followed by the name of the
appropriate base-thousand unit (thousand, million, billion,
trillion, etc.)
Students can practice their understanding of place value by
creating their own numbers that fit specific criteria. For
example, provide students with cards numbered 0 through 9.
Ask students to select 4 to 6 cards. Then, have students
create the largest and smallest number possible with all of
their cards (MP.1, MP.3, MP.6, MP.7). Also have them create
numbers closest to a given number (MP.3, MP.6, MP.7). For
example, after selecting the four numeral cards 7, 8, 3, and 2
have students make the closest number to 5,000 possible
(3,872)1.
In previous stages students learned to understand that 10
ones make a ten and 10 tens make a hundred. Students are
to now extend their previous understanding of place value to
make sense of how a number in any place value represents
ten times as much as the place value to the right represents.
Based on this understanding students should see that when a
number gets multiplied by 10 it makes each digit move one
place value to the left (each digit becomes 10 times larger)
(MP.7).
Use base ten cubes to help reinforce this idea. Have students
review how many ones it requires to make a ten, and how
many tens are needed to make a hundred. Then, how many
hundreds are needed to make a thousand. Continue this for a
number of units. Have students reason about the pattern
seen. Also have students reason about the shapes formed by

Understand the place value system.
1. Recognize that in a multi-digit number, a digit in one
place represents 10 times as much as it represents in the
place to its right and 1/10 of what it represents in the
place to its left.
3. Read, write, and compare decimals to thousandths.
a. Read and write decimals to thousandths using baseten numerals, number names, and expanded form, e.g.,
347.392 = 3 × 100 + 4 × 10 + 7 × 1 + 3 × (1/10) + 9 ×
(1/100) + 2 × (1/1000).
4. Use place value understanding to round decimals to any
place.

Stress to the students that there is no built in reason why any
particular object needs to be chosen to represent the unit or
ones position. For example, the centimeter square does not
have to represent the ones position. Why not a strip? Or a
larger square? All that matters is that the unit to the right is
ten times larger and the unit to the left is 1/10 smaller. This is
why it is so important not to call place value blocks by a
particular place value (e.g., hundreds block). Call them by
shape (e.g., flat, rod, cube). So, when using manipulatives to
demonstrate decimal place value utilize a cube or a flat or
some other fairly large manipulative that allows for smaller
parts to easily be seen or made11. (See below for example)

Instructional Strategies Continued: of time spent on

Instructional Strategies Continued: the base ten blocks

homework. To say ‘I spent 57 minutes on homework’ is more
exact, but ‘I spent about one hour on homework’ makes for
better communication.

for each place value (MP.3, MP.4, MP.6, MP.7, MP.8).
Students should see that the shapes of the base ten blocks
repeat with every three place values (cube, long, flat, cube).
In seeing this, students should make the connection to what
was discussed earlier as to how each sequence of three
digits is read as hundreds, tens, and ones, followed by the
name of the appropriate base-thousand unit (represented
with a comma). See below.

Place Value
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As with place value understanding, rounding is not new to
students at this stage. Students are again just expanding on
their understanding of rounding to tens or hundreds to round
to larger place values. What is new to students at this stage
is now students are no longer just rounding to the leading
place value. For example, students may be asked to round a
5 digit number to the nearest hundred (e.g., round 4,768 to
the nearest hundred). This requires a deeper understanding
of place value and rounding than just rounding to the largest
place value (MP.2, MP.6).
By this stage students should also have a solid
understanding of the rules for rounding. Students should no
longer need manipulatives or color-coated number lines to
know that a digit of 5 or higher means round up and lower
than 5 means round down. Now students need to generalize
the rule for much larger numbers and round to values that are
not the leading digit (MP.7, MP.8).

Common Misconceptions: The use of terms like “round
up” and “round down” confuses many students. For example,
the number 37 would round to 40 or they say it “rounds up”.
The digit in the tens place is changed from 3 to 4 (rounds up).
This misconception is what causes the problem when applied
to rounding down. The number 32 should be rounded (down)
to 30, but using the logic mentioned for rounding up, some
students may look at the digit in the tens place and take it to
the previous number, resulting in the incorrect value of 20. To
remedy this misconception, students need to use a number
line to visualize the placement of the number and/or ask
questions such as: “What tens are 32 between and which
one is it closer to?” Developing the understanding of what the
answer choices are before rounding can alleviate much of the
misconception and confusion related to rounding.

Instructional Strategies Continued:
Ones

Tenths

Hundredths

Thousandths

Super cube

Squares

Strips

cube

Use students understanding of fractions to teach decimal place
value. Take a unit square, or some other unit to represent the
ones place. Then, ask students what needs to be done to the
unit to get the place value position to its right (MP.2, MP.6,
MP.7). From previous activities, students should already
know that all units have a 10-to-1 ratio. So, students should
realize that to get the place value to the unit’s right, it needs
to be divided by ten, and the unit is 1/10 of the original unit.
Then discuss the fractional size of the place value if one
moves one more place value to the right (1/100). From this,
students should discover the decimal place value names and
be able to identify the value of a particular digit (e.g., in
32.452, the value of the 5 is 5/100 - five hundredths).

Utilize the previously mentioned activity to help students
understand decimal expanded form. If students know the
fractional value for each decimal place value, they should
have no problem writing a decimal number in expanded form
(MP.6, MP.7). Expanded form is especially helpful in having
students understand decimal place value. When we read
decimals we typically do not read them according to their
place value. For example, for 5.13 we say five and thirteen
hundredths. When, for purposes of place value, it should be
understood as 5 + 1/10 + 3/100.

Common Misconceptions: There are several

Common Misconceptions: Often students think that

misconceptions students may have about writing numerals
from verbal descriptions. Numbers like one thousand do not
cause a problem; however a number like one thousand 7
causes problems for students. Many students will
understand the 1000 and the 7 but then instead of placing
the 7 in the ones place of a four-digit number, they write the
numbers as they hear them, 10007 (ten thousand seven).
There are multiple strategies that can be used to assist with
this concept, including place-value boxes and verticaladdition method1. Additionally, students often assume that
the first digit of a multi-digit number indicates the
“greatness” of a number. For example, the assumption is
made that 894 is greater than 1,007 because students are
focusing on the first digit instead of the number as a whole.
Students need to be aware of the greatest place value.

there should be a “oneths” place value to create symmetry in
relation to the decimal place. However, students should
understand that the one is the basic units from which other
units are derived from. So, the symmetry actually occurs in
relation to the ones place and not the decimal point.

Common Misconceptions Continued:

Common Misconceptions Continued:

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:

Place Value
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Common Misconceptions Continued:

Round

Base-ten units
Number names
Round

Base-ten units
Number names
Expanded form
tenths
hundredths
Round

Number and Operations in Base Ten (3.NBT)

Number and Operations to Base Ten (4.NBT)

Number and Operations to Base Ten (5.NBT)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Use place value understanding and properties of
operations to perform multi-digit arithmetic.

Use place value understanding and properties of
operations to perform multi-digit arithmetic.

Perform operations with multi-digit whole numbers
and with decimals to hundredths.

2. Fluently add and subtract within 1000 using strategies
and algorithms based on place value, properties of
operations, and/or the relationship between addition and
subtraction.

4. Fluently add and subtract multi-digit whole numbers
using the standard algorithm.

7. Add, subtract, multiply, and divide decimals to hundredths,
using concrete models or drawings and strategies based
on place value, properties of operations, and/or the
relationship between addition and subtraction; relate the
strategy to a written method and explain the reasoning
used.

Numbers and Operations - Fractions (4.NF)

Numbers and Operations - Fractions (5.NF)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Build fractions from unit fractions by applying and
extending previous understandings of operations
on whole numbers.
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CCSS
Domain

3. Understand a fraction a/b with a > 1 as a sum of fractions
1/b.
a. Understand addition and subtraction of fractions as
joining and separating parts referring to the same
whole.
b. Decompose a fraction into a sum of fractions with the
same denominator in more than one way, recording
each decomposition by an equation. Justify
decompositions, e.g., by using a visual fraction
model. Examples: 3/8 = 1/8 + 1/8 + 1/8 ; 3/8 = 1/8 +
2/8 ; 2 1/8 = 1 + 1 + 1/8 = 8/8 + 8/8 + 1/8.
c. Add and subtract mixed numbers with like
denominators, e.g., by replacing each mixed number
with an equivalent fraction, and/or by using
properties of operations and the relationship between
addition and subtraction.
d. Solve word problems involving addition and
subtraction of fractions referring to the same whole
and having like denominators, e.g., by using visual
fraction models and equations to represent the
problem.

Use equivalent fractions as a strategy to add and
subtract fractions.
1. Add and subtract fractions with unlike denominators
(including mixed numbers) by replacing given fractions
with equivalent fractions in such a way as to produce an
equivalent sum or difference of fractions with like
denominators. For example, 2/3 + 5/4 = 8/12 + 15/12 =
23/12. (In general, a/b + c/d = (ad + bc)/bd.)
2. Solve word problems involving addition and subtraction of
fractions referring to the same whole, including cases of
unlike denominators, e.g., by using visual fraction models
or equations to represent the problem. Use benchmark
fractions and number sense of fractions to estimate
mentally and assess the reasonableness of answers. For
example, recognize an incorrect result 2/5 + 1/2 = 3/7, by
observing that 3/7 < 1/2.

Instructional Strategies:Strategies discussed in the

Instructional Strategies: By this stage students should

Instructional Strategies: Because of the uniformity of the

previous level to add and subtract two-digit numbers are now
applied to fluently add and subtract whole numbers within
10001.

be fluently adding and subtracting multi-digit numbers. In
order for students to become fluent in multi-digit arithmetic it
is important that they are encouraged to develop strategies
that they understand, can explain, can demonstrate, and can
think about (MP.1, MP.2, MP.3). Not just merely follow a
sequence of directions that they do not understand1.

base-ten system, students should use the same
understanding they have of adding and subtracting whole
numbers to adding and subtracting decimals. Students should
know that like base-ten units align with each other, so having
to teach them to line up the decimals should not be
necessary. They should discover that naturally when they
line up similar place values3 (MP.2, MP.6, MP.7).

The understanding that 1000 is 10 hundreds, 100 tens, and
1000 ones is critical to the understanding of how addition and
subtraction rely heavily on place value. Using proportional
models like base-ten blocks, will help students make the jump
from adding within 100 to adding within 1000. Additionally,

It is important for students to see and use a variety of
strategies and materials that broaden and deepen their
understanding of place value and number decomposition

As with whole-number computation, provide computational
tasks without giving rules or procedures for completing them.
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Instructional Strategies Continued: by using these

Instructional Strategies Continued: before they are

Instructional Strategies Continued: Students need to

models, students can further work on developing strategies to
fluently add or subtract (such as ‘making a hundred’) (MP.6,
MP.7).

required to use standard algorithms.

develop methods to add unlike fractions that make sense to
them. However, when it comes to adding and subtracting
fractions with unlike denominators, students need to have the
concept of equivalent fractions well understood. If
equivalence is not understood, adding or subtracting
fractions with unlike denominators will be a struggle and
likely not conceptualized.

As a note, even though standard 4.NBT.4 states “use the
standard algorithm,” it does not mean that students need to
solve problems the traditional borrow and carry method. There
truly is no real reason to introduce what most people think of as
“the standard algorithm” (borrow and carry method). However,
often it is what parents expose their children to at home, so it
sometimes becomes necessary to discuss this “standard
algorithm”. Make it clear to students who seem to want to use
the ‘standard algorithm’ that if they use it, they must be able to
understand why it works, and explain it. Make intentional, clearcut connections for the student to their understanding of place
value, numbers, and operations. This allows students to gain
understanding of the algorithm rather than just memorize
certain steps to follow1.
When standard 4.NBT.4 refers to “the standard algorithm” what
is really meant is that students need to use the most efficient
method that makes sense to them to solve problems. This
means a method that relies on place value understanding to
solve problems. So whether that is by starting with the
thousands digit, the ones digit, rounding, etc. it does not matter.
Whatever the student decides as the most efficient way to find a
solution for a particular problem. In some cases, the traditional
algorithm of borrowing or carrying may be the most efficient
way (e.g., 4576 + 13,873) while for others a mental strategy is
more efficient (e.g., 604 - 599). What ever the case is, the
strategy needs to make sense to student11 (MP.1, MP.6, MP.7)
In terms of fractions, It is important that students understand
that when combining fractions that the numerator counts and
the denominator tells what is counted (e.g., fourths, eighths,
tenths, etc.). This will help students see how addition and
subtraction of like fractions is similar to addition and subtraction
of whole numbers. When we add or subtract fractions we are
combining or decomposing counts of a unit6 (MP.2, MP.6).
At this stage students begin to represent a fraction by
decomposing the fraction into the sum of unit fractions and
justifying it with a fractional model. For example, 3/4 = 1/4 + 1/4
+1/4

=

+

Start teaching addition of unlike fractions by presenting
students with two fractions where relationships can be clearly
seen. For example, give students the problem
.
Students should already know from previous activities that
adding fractions with similar denominators is easier (MP.1).
Adding fractions with unlike denominators requires reasoning
about the parts being added. Give students a circular model
and ask them to figure out the answer using the model.
Students should arrive at the answer of
. After students
arrive at this answer, the key question to ask them is, “How
can we change this problem into one that is just like the easy
ones where the parts were the same?” (MP.2, MP.4, MP.5,
MP.7). The goal is for students to see that fourths can be
changed into eighths. Through their practice with equivalent
fractions, this should not be a difficult task for students11.
Even though the previous example asks students to use a
circular model, remind students to use a variety of models to
arrive at an answer. Students seem to have a preference for
drawing/using circular models/representations. This model is
not always the best model to solve addition/subtraction
problems with unlike denominators. However, note that
when using fraction strips or the set model students need to
reason about the whole.
After students have had some practice adding and
subtracting unlike denominators where one fraction needs to
be changed, they should move on to situations in which both
fractions need to be changed. For example, present the
problem
. If students have had plenty of practice with
equivalence, they should be able to utilize a model to come
up with a common denominator for both fractions6 (MP.1, MP.
4, MP.5, MP.6, MP.7). For example, using a rectangle model
students might solve the problem in the following way:

+

Adding and subtracting like denominators should not be a
difficult concept for children if they have a good foundation with
fraction concepts and notation. They should find it similar to
adding and subtracting whole numbers (MP.7, MP.8).
It is also at this stage that set models should be introduced. In
set models, the whole is understood to be a set of objects,
and subsets of the whole make up fractional parts. With these
models it is important to be aware of the quantity selected to

These are the same.
So rewrite them.
is the same
as
.

Instructional Strategies Continued:

Instructional Strategies Continued: represent the

Instructional Strategies Continued: It is important to

whole. Otherwise, certain fractions may not be visible. For
example, it is not possible to show fifths, when a set of nine
counters is selected. Below are examples of set models (MP.
4, MP.5).

keep in mind that a separate algorithm for mixed numbers in
addition and subtraction is not necessary even though mixed
numbers are often treated as separate topics. Include mixed
numbers in all of your activities involving addition and
subtraction. Again, it is important to have students solve
problems in ways that make sense to them (MP.1, MP.4, MP.
5, MP.6, MP.7).

3/5 or 9/15

2/3 or 8/12

Students should also utilize a variety of model types to add and
subtract mixed numbers with like denominators. Keep in mind
that it is important the same model is used for each fraction in a
number sentence. For example, a circular model and a
rectangular model should not be used in the same problem.
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Common Misconceptions:

Estimation using “nice” fractions like halves and fourths
should be encouraged for addition and subtraction of unlike
fractions. This will not only help students reason about their
answers more, it will also encourage students to find informal
methods to solve problems. Informal methods can often be
quicker and/or easier than traditional algorithms11 (MP.1, MP.
4, MP.5, MP.6, MP.7).

Common Misconceptions: When students do not

Common Misconceptions: Students might compute

understand place value and the meaning of digits when they
are using the standard algorithm they will likely mix up when
to ‘carry’ and when to ‘borrow’. Also, students frequently do
not notice the need for borrowing and just take the smaller
digit from the larger1. For students that frequently make
these mistakes it is important to step away from the
algorithm and have them use models side-by-side with the
numerical representation to visually see how base-ten units
are composed or decomposed.

decimal addition and subtraction by aligning the rightmost
digits with each other. For example, given the problem 23.465
+ 46.78, a student might write

Students think that it does not matter which model to use
when finding the sum or difference of fractions. They may
represent one fraction with a rectangle and the other fraction
with a circle. They need to know that the models need to
represent the same whole1.

23.465
+ 46.78
28.143
To help students correct this misconception have them
estimate an answer first. Then, have them reason about the
difference between answers. Also refer to whole-number
addition and subtraction and the way place values are lined
up. Mention that zeros may be added to the end of decimal
values to help align decimals with less digits.

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:

numerator
denominator
set model
mixed number
improper fraction
estimation
traditional algorithm

numerator
denominator
mixed number
improper fraction
decimal
decimal point
traditional algorithm

CCSS
Domain

Operations and Algebraic Thinking (3.OA)
Students will demonstrate mastery of all previous skills and
learn to:

Represent and solve problems involving
multiplication and division.
1. Interpret products of whole numbers, e.g., interpret 5 × 7 as
the total number of objects in 5 groups of 7 objects each.
For example, describe a context in which a total number of
objects can be expressed as 5 × 7.
2. Interpret whole-number quotients of whole numbers, e.g.,
interpret 56 ÷ 8 as the number of objects in each share
when 56 objects are partitioned equally into 8 shares, or as
a number of shares when 56 objects are partitioned into
equal shares of 8 objects each. For example, describe a
context in which a number of shares or a number of groups
can be expressed as 56 ÷ 8.
3. Use multiplication and division within 100 to solve word
problems in situations involving equal groups, arrays, and
measurement quantities, e.g., by using drawings and
equations with a symbol for the unknown number to
represent the problem (see CCSS glossary, table 2).
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Multiply and divide within 100.
7. Fluently multiply and divide within 100, using strategies
such as the relationship between multiplication and division
(e.g., knowing that 8 × 5 = 40, one knows 40 ÷ 5 = 8) or
properties of operations. By the end of Grade 3, know from
memory all products of two one-digit numbers.

Number and Operations in Base Ten (3.NBT)

Number and Operations in Base Ten (4.NBT)

Number and Operations in Base Ten (5.NBT)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Use place value understanding and properties of
operations to perform multi-digit arithmetic.

Use place value understanding and properties of
operations to perform multi-digit arithmetic.

3. Multiply one-digit whole numbers by multiples of 10 in
the range 10–90 (e.g., 9 x 80, 5 x 60) using strategies
based on place value and properties of operations.

5. Multiply a whole number of up to four digits by a onedigit whole number, and multiply two two-digit numbers,
using strategies based on place value and the
properties of operations. Illustrate and explain the
calculation by using equations, rectangular arrays, and/
or area models.
6. Find whole-number quotients and remainders with up to
four-digit dividends and one-digit divisors, using
strategies based on place value, the properties of
operations, and/or the relationship between
multiplication and division. Illustrate and explain the
calculation by using equations, rectangular arrays, and/
or area models.

Understand the place value system.
2. Explain patterns in the number of zeros of the product
when multiplying a number by powers of 10, and explain
patterns in the placement of the decimal point when a
decimal is multiplied or divided by a power of 10. Use
whole-number exponents to denote powers of 10.

Perform operations with multi-digit whole numbers
and with decimals to hundredths.
5. Fluently multiply multi-digit whole numbers using the
standard algorithm.
6. Find whole-number quotients of whole numbers with up to
four-digit dividends and two-digit divisors, using strategies
based on place value, the properties of operations, and/or
the relationship between multiplication and division.
Illustrate and explain the calculation by using equations,
rectangular arrays, and/or area models.
7. Add, subtract, multiply, and divide decimals to hundredths,
using concrete models or drawings and strategies based
on place value, properties of operations, and/or the
relationship between addition and subtraction; relate the
strategy to a written method and explain the reasoning
used.
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Numbers and Operations - Fractions (4.NF)

Numbers and Operations - Fractions (5.NF)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Build fractions from unit fractions by applying and
extending previous understandings of operations
on whole numbers.

Apply and extend previous understandings of
multiplication and division to multiply and divide
fractions.

4. Apply and extend previous understandings of
multiplication to multiply a fraction by a whole number.
a. Understand a fraction a/b as a multiple of 1/b. For
example, use a visual fraction model to represent 5/4
as the product 5 × (1/4), recording the conclusion by
the equation 5/4 = 5 × (1/4).
b. Understand a multiple of a/b as a multiple of 1/b, and
use this understanding to multiply a fraction by a
whole number. For example, use a visual fraction
model to express 3 × (2/5) as 6 × (1/5), recognizing
this product as 6/5. (In general, n × (a/b) = (n × a)/b.)
c. Solve word problems involving multiplication of a
fraction by a whole number, e.g., by using visual
fraction models and equations to represent the
problem. For example, if each person at a party will
eat 3/8 of a pound of roast beef, and there will be 5
people at the party, how many pounds of roast beef
will be needed? Between what two whole numbers
does your answer lie?

3. Interpret a fraction as division of the numerator by the
denominator (a/b = a ÷ b). Solve word problems involving
division of whole numbers leading to answers in the form of
fractions or mixed numbers, e.g., by using visual fraction
models or equations to represent the problem. For
example, interpret 3/4 as the result of dividing 3 by 4,
noting that 3/4 multiplied by 4 equals 3, and that when 3
wholes are shared equally among 4 people each person
has a share of size 3/4. If 9 people want to share a 50pound sack of rice equally by weight, how many pounds of
rice should each person get? Between what two whole
numbers does your answer lie?
4. Apply and extend previous understandings of multiplication
to multiply a fraction or whole number by a fraction.
a. Interpret the product (a/b) × q as a parts of a partition of
q into b equal parts; equivalently, as the result of a
sequence of operations a × q ÷ b. For example, use a
visual fraction model to show (2/3) × 4 = 8/3, and create
a story context for this equation. Do the same with (2/3)
× (4/5) = 8/15. (In general, (a/b) × (c/d) = ac/bd.)
6. Solve real world problems involving multiplication of
fractions and mixed numbers, e.g., by using visual fraction
models or equations to represent the problem.
7. Apply and extend previous understandings of division to
divide unit fractions by whole numbers and whole numbers
by unit fractions.1
a. Interpret division of a unit fraction by a non-zero whole
number, and compute such quotients. For example,
create a story context for (1/3) ÷ 4, and use a visual
fraction model to show the quotient. Use the
relationship between multiplication and division to
explain that (1/3) ÷ 4 = 1/12 because (1/12) × 4 = 1/3.
b. Interpret division of a whole number by a unit fraction,
and compute such quotients. For example, create a
story context for 4 ÷ (1/5), and use a visual fraction
model to show the quotient. Use the relationship
between multiplication and division to explain that 4 ÷
(1/5) = 20 because 20 × (1/5) = 4.
c. Solve real world problems involving division of unit
fractions by non-zero whole numbers and division of
whole numbers by unit fractions, e.g., by using visual
fraction models and equations to represent the problem.
For example, how much chocolate will each person get
if 3 people share 1/2 lb of chocolate equally? How many
1/3-cup servings are in 2 cups of raisins?

Instructional Strategies: Multiplication was indirectly

Instructional Strategies: Like with multi-digit addition and

Instructional Strategies: By this stage students should

introduced in the previous level when students were asked to
find the total number of objects and write repeated addition
equations for a rectangular array. This strategy is called
unitizing and lays a key foundation for further advancement in
multiplication. It requires students to count groups, not just
objects. Before advancing on to multiplication make sure
students understand and are fluent in repeated addition, or
they will struggle in multiplication.

subtraction, when students are computing multi-digit
multiplication and division problems they should be
encouraged to develop strategies that they understand, can
explain, and can think about, rather than merely follow a
sequence of directions that they don’t understand (MP.1, MP.4,
MP.5, MP.6).

have had an abundant amount of practice multiplying/dividing
multi-digit numbers by a single digit with regards to place
value. Students should understand that just like in addition
and subtraction place value also plays a key role in
multiplication and division, and a good understanding of place
value will lead to faster solution strategies. In order for
students to become fluent in the standard algorithm (an
algorithm based on place value), connections need to be
made to previous strategies such as partial products or area
models (MP.4, MP.3, MP.6, MP.7).
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Many teachers emphasize the memorization of multiplication
and division facts, but this does not provide a means for
conceptual understanding. When students are forced to
memorize facts they fail to conceptually understand the
principles behind the facts. If multiplication and division are
learned with understanding they naturally become easier to
remember and use. There is often too much stress placed on
students to find the correct answer, and little care on whether
students understand the actual concepts or reasoning behind
the answer (MP2, MP3).
Additionally, often multiplication and division are taught
separately and in numerical order. Multiplication and division
should be taught together to help students see how the two
are related. It is important not to teach multiplication and
division problems in chunks of facts (e.g., the 5 facts). All
facts should be used throughout multiplication and division
instruction.
At this stage students are to first explore multiplication
problems as a set of equal groups. For example, 2 x 3 is
three groups of two objects. Then, they should make the
comparison to a repeated addition problem. This will allow
for students to make the comparison between addition and
multiplication (MP.2, MP.7).
Division should be looked at as a whole group that needs to
be divided up into a given number of groups. For example,
36 ÷ 6 is a group of 36 objects divided into 6 equal groups.
Students would then need to find out how many objects are in
each group. Students can then make the connection
between multiplication (or repeated addition) to division by
noticing how when the divisor and answer are multiplied, they
will equal the dividend (MP.2, MP.7) .
Students need to experience multiplication and division
problem solving within 100 only in the form of equal group
problems (whole unknown or size of group is unknown) or
multiplicative comparison problems (unknown product, group
size unknown, or number of groups unknown). See page 11
for examples of common multiplication and division
strategies. No attempt should be made to teach the abstract
structure of these problems1.
In order to help students achieve conceptual understanding, it
is important to start with concrete objects to model
multiplication and division problems, progress to visual
models, and finally use the symbolic numerical algorithm. It
is also important to use different examples to represent the
same problem (MP.2, MP.4, MP.5, MP.7, MP.8)

Like with addition and subtraction, the algorithm should be
avoided if students do not know the role place value and digits
play in multiplication and division. However, sometimes
students are exposed to it at home, so it often becomes
necessary to teach. So, when teaching the algorithm the goal
is for students to understand all the steps in the algorithm and
not just memorize the process. Students can develop their
own strategies while also working towards understanding
general methods and the standard algorithm (MP.2, MP.3, MP.
7).
In the previous stage students only worked with multiplying
two, one-digit numbers. Now, students will compute products
and quotients of one-digit numbers and multi-digit numbers (up
to four digits) and they will work on finding the product of two,
two-digit numbers. Visual representations such as area and
array diagrams that students draw and connect to equations
are extremely helpful (MP.4, MP.5).
Example of an area model:
Compute 5 x 243
200

5

5 x 200 =
5 x 2 hundreds =
10 hundreds =

+

40

5 x 40 =
5 x 4 tens =
20 tens

+ 3
5x3
=15

=1215

Each part of the computation above corresponds to one of the
terms in the computation below.
5 x 243 = 5 x (200 + 40 + 3)
= 5 x 200 + 5 x 40 + 5 x 3
= 1000 + 200 + 15
= 1215
By reasoning repeatedly about the connection between math
drawings and written numerical work, students can come to
see multiplication and division problems as summaries for their
reasoning about quantities3.
One way to work students into understanding the general
methods for multiplication is to start with the computation of
one-digit numbers and multiples of 10, 100, or 1000. This
extends work from the previous stage where students were
asked to find the product of a one-digit number and multiples
of 10. For example, 7 x 600 can be calculated by first
computing 7 x 6 which can be understood as 7 x 6 hundreds

What students need to truly understand when using what
many think of the standard algorithm is what each step means.
If students become comfortable in solving multi-digit
multiplication with the partial product method, they should be
able to see that the partial products can be collapsed into two
or more lines.
When it comes to multiplying decimal numbers, it is important
that general methods used for computing products of whole
numbers be extended to products of decimals. It is important
to keep in mind that decimal multiplication is limited to
thousandths times hundredths3. Instead of teaching students
rules about where to place the decimal in the product, have
students use their previous knowledge to reason about the
decimal placement. For example ask students, “What is a
tenth times a tenth?” By this stage students should be able to
reason that it would be a hundredth. So, if then presented with
a problem such as 3.2 x 7.1, students should be able to
reason that the problem will have an entry at the hundredth
place. It is important to note that when presented with
problems such as 3.2 x 8.5 students may place the decimal
incorrectly if they do not take into account the zero3 (MP.2, MP.
3, MP.7, MP.8)
If students still struggle with decimal placement, they can also
think of the decimals as fractions or as whole numbers divided
by 10 or 100. For example, take the problem 3.2 x 7.1 from
above. Students can think of this as
x
=
(partial products). Simplifying this further, one would get
22.723.
Estimation/reasoning also plays a key role in decimal
multiplication. For example, if given the problem 3.2 x 8.5,
students might reason that the answer would be close to 3 x 9,
so 27.2 is a more reasonable product than 2.72 or 272. To
have students practice decimal placement in multiplication,
present them with a whole number multiplication problem such
as 24 x 63. Have students solve this problem and then have
students give the exact answer to each of the following:
0.24 x 6.3
24 x 0.63
2.4 x 63
0.24 x 0.63
For each computation they should write/explain a rationale for
their answers11 (MP.2, MP.7, MP.8)
When it comes to division, like with all other operations,
students need to continue working on developing strategies
that make sense to them and improve fluency. One strategy is
to apply estimation. This strategy is especially helpful when it
come to two-digit divisors. Express to students that regardless

Instructional Strategies: Sets of counters, number lines

Instructional Strategies: which makes 42 hundreds or

Instructional Strategies: of what number a divisor might be

to skip count and relate to multiplication, and arrays/area
models will aid students in solving problems involving
multiplication and division. Allow students to model problems
using these tools1 (MP.4, MP.5)

4200. Students can use this place value reasoning, which
can also be supported with diagrams of arrays or areas, as
they develop and practice using the patterns in relationships
among products3 (MP.2, MP.7, MP.8)

closer to, it is important to always round up. Reason being, if a
larger number works then clearly a smaller number will work
too. For example, if you are dividing 312 by 43 (sharing
among 43 sets), pretend you have 50 sets instead. It can
easily be determined that 6 objects can be shared among 50
sets (6 x 50 = 300). Therefore, since there are really only 43
sets, clearly you can give at least 6 sets to each. Recording a
division problem using this strategy might look something like
this:

For example:

This represents multiplication with 4 groups of 4 objects and
can be written as 4 x 4.
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Encourage students to explain their thinking through both
verbal and written expression; and to solve multiplication and
division problems in different ways. Allowing students to use
different strategies will provide them with more opportunities
to gain understanding and fluency (MP.1, MP.3, MP.6).
Some additional strategies to teach students include the
doubles strategy, which is the understanding that facts with 2
as a factor are equivalent to the addition doubles. Also,
teaching students that relating an already known fact can
help in learning new facts. For example, 4 x 6 is connected
to 3 x 6 (triple the six and 6 more) or 2 x 6 (two sets of 2 x 6),
this is also known as the double approach. The double
approach is when students select the even factor (in 6 x 7, it
is the 6) and cut it in half (making 3). Then students solve the
smaller fact (3 x 7) and double it to get the new fact ( 3 x 7 =
21, doubled make 42) (MP.1, MP.6, MP.7)
Whatever the strategy used, it is important to make sure
students are conceptually understanding multiplication and
division and not just memorizing facts, even if it takes them a
long time.

Understanding the distributive property is also key in
understanding the role place value plays in multiplication.
Students do not need to know the formal term, but knowing
how numbers can be decomposed into base-ten units,
products of the units to be computed, and then combined will
help students in understanding how multiplication works. By
using the distributive property two-digit multiplication
computations are reduced to single-digit multiplications and
products of numbers with multiples of 10, 100, and 1000.
Area models can also be used to teach computations of two
two-digit numbers3 (MP.2, MP.4, MP.7, MP.8)
For example: 46 x 32
40

30

+

6

30 x 40 =
3 tens x 4 tens =
12 hundreds =
1200

30 x 6 =
3 tens x 6 =
18 tens =
180

2 x 40 =
2 x 4 tens =
8 tens =
80

2x6=
12

+
2

46 x 32 = 1200 + 180 + 80 + 12 = 1472
Multiplication showing the partial products is also a good
way to teach multiplication that keeps place value and
meaning in mind3. For example:
46
x 32 Thinking
12
2x6
80
2 x 4 tens
180
3 tens x 6
+ 1200
3 tens x 6 tens
1472
Students may also use the distributive property several
times to compute the product of multi-digit numbers3.
For example:
46 x 32 = (40 + 6) x (30 + 2)

When it comes to decimal division, a similar method to decimal
multiplication should be approached. Students should
compute the problem without the decimal, and then place it
based on estimation. If students understand that a tenth times
a tenth is a hundredth, they should then relate this
understanding to division, and understand that a hundredth
divided by a tenth is a tenth. Teaching students the rule that
you first move the decimal in the divisor and then the decimal
in the dividend the same number of spaces is not teaching
students to reason about the numbers (MP.2, MP.6, MP.7, MP.
8)
When it comes to multiplying and dividing fractions at this
stage it is important to keep in mind the restrictions that the
Common Core State Standards address. At this stage
students are multiplying fractions of all types, but they are
ONLY dividing unit fractions by whole numbers and dividing
whole numbers by unit fractions.
Understanding a fraction as division of the numerator by the
denominator links directly to the understanding of equal
shares. Consider, for example, that we have four pizzas to be
shared equally among five people. So, if we were to draw four
pizzas and think of sharing each pizza with five people equally
we might see a drawing like the one below.

Each person would get one sector of each circle. If we were to
put the four white sectors together they would take up four of
the five circular sectors and therefore comprise four-fifths of
one pizza.

= (40 + 6) x 30 + (40 + 6) x 2
= 40 x 30 + 6 x 30 + 40 x 2 + 6 x 2
= 1200 + 180 + 80
+ 12
= 1472

Always connect to multiplication so that students can see how
multiplication can be utilized to solve division even when
working with fractions (MP.1, MP.2, MP.4 . For example, if are
dividing 4 we pizzas among 5 people, 5 x n = 4 (5 groups of
some amount equals 5) which can also be written as 4 ÷ 5 = n.

Instructional Strategies Continued:

Instructional Strategies Continued: Computing quotients

Instructional Strategies Continued: Students at this

for multi-digit whole numbers and one-digit numbers rely on
very similar strategies and understandings as multiplication.
Similar to starting with factors that were multiples of 10, 100,
or 1000 in multiplication, when teaching division use dividends
that are multiples of 10, 100, or 1000. For example, 56 ÷ 8 is
related to 560 ÷ 8 and 5600 ÷ 8. Students can reason that a
problem such as 5600 ÷ 8 is just 56 hundreds ÷ 8. As with
multiplication, numbers can be broken up into base-ten units.
This relies on the distributive property (MP.2, MP.6, MP.7, MP.
8)

stage are also extending their knowledge of multiplying with
fractions from just multiplying fractions by a whole number to
multiplying two fractions. Students are only multiplying
fractions less than one. They are not multiplying mixed
numbers until the following stage. Build off of students’
understanding of multiplication as repeated addition AND
their new understanding that a fraction is division. If
students understand that 5/3 is one part of five objects
divided into 3 parts. Which can also be represented like 1/3
x 5. Then through lots of practice with models they will see
4/3 x 5 as four parts of five objects divided into three parts,
making twenty-thirds.
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When computing multi-digit division, students need to think of
finding the greatest multiple less than or equal to the given
number. For example, in computing 43 ÷ 5 students need to
think of the greatest multiple of 5 less than 43. Area models or
arrays can also be used to teach division without teaching the
algorithm. Students can think of these “greatest multiples” in
terms of putting things into groups such as 8 groups of 5 with
3 left over (8 x 5 + 3) (MP.4, MP.5, MP.7)
Area models and arrays can also be used for division. In
division area models, the divisor is the known side, and
students need to find the unknown side length.
For example: 5974 ÷ 4

Thousands
1000

4

5976
- 4000
1976

The Unknowns
Hundreds
400
1976
- 1600
376

Tens
90

-

376
360
16

Ones
4
16
- 16
0

Known divisor
For each place value students need to think how many groups
of thousands, hundreds, tens, and ones can be made with the
given divisor. Students should think of remainders as leftover
ones. They can be written as sums of products and ones. For
example, 23 ÷ 7 = 3 x 7 + 2.
Students are to also use their knowledge of multiplication of
whole numbers to multiply fractions by a whole number.
Students should be reminded that multiplication is repeated
addition (e.g., 2 x 4 = 2 + 2 + 2 + 2). Multiplication of fractions
by a whole number is the same concept. For example, 5 x 1/4
= 1/4 + 1/4 + 1/4 + 1/4 + 1/4. Students should be solid in their
understanding of addition of fractions with common
denominators before moving on to multiplication of fractions.
Students should discover through practice that multiplication of
a fraction and whole number is simply the whole number times
the numerator. When the fraction is a mixed number students
should use their knowledge of the distributive property to solve
the product. Students should apply this knowledge to solve
word problems involving multiplication of whole numbers and
fractions (MP.1, MP.4, MP.6, MP.7, MP.8).

After students begin to see that a/b x c = ac/b, start
introducing multiplication of two fractions. Just like when
introducing any new concept, students should utilize a
variety of models to come up with a generalization of fraction
multiplication on their own (MP.5). For example, given
x
(one part when 1/2 is partitioned into 3 parts). Students can
use a line model:
Area model:

Number line:
I
0

I

I

I I
1/2

I

I
1

It is always important to present problems within a real-life
context and discuss answers and thought processes with
students (MP.4). It is through discussion that many students
pick up new, more efficient, strategies (MP.3).
As mentioned earlier, students are only dividing whole
numbers by unit fractions and unit fractions by whole
numbers. Unit fractions are fractions that have a one as a
numerator (e.g., 1/2, 1/5. etc). Models (area in particular)
will play a key role in helping students understand fraction
division. Also, be sure to present problems within a context.
It often makes solving the problem easier for students
because it provides some sort of visualization.
For example, Cynthia would like to bake cookies. She has
one cup of sugar in the pantry. How many batches of
cookies can she make using the one cup if each batch
requires 3/4 cup?

Through continued practice of similar problem students will
generalize that n ÷ 1/b = nb and 1/b ÷ n = 1/nb.

Common Misconceptions: Students often think that 3 ÷
15 = 5 and 15 ÷ 3 = 5 are the same equations. The use of
models is essential in helping students eliminate this
understanding.
Additionally, students often read division problems wrong and
state that the divisor is divided by the dividend (e.g., a student
might read 3 divided by 6 instead of 6 divided by 3).
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The use of a symbol to represent a number once cannot be
used to represent another number in a different problem/
situation. Presenting students with multiple situations in which
they select the symbol and explain what it represents will
counter this misconception.

Common Misconceptions: Many students struggle with

Common Misconceptions:

division when zeros are in the dividend or the remainder. For
example in
1
6 ) 901
-6___
3
students will forget to account for the zero in 901, and then
bring down the 1.
In the case of a zero in the remainder,
4
2 ) 83
-8____
0

When working with word problems or materials, students
often have a hard time knowing when to multiply or to divide.
They often guess an operation or look to teacher for
assistance. This is why it is important to teach multiplication
and division in context and not as facts. Word problems and
scenarios with manipulatives should be used to teach
multiplication and division. Students will pick up their facts
over time through conceptual understanding. It is also
important to not provide children with just multiplication word
problems or just division word problems. The two should be
combined.

Students believe they can stop with the problem because
they got zero as a remainder. When students do not have a
clear understanding of the role place value plays in division,
they will have these misconceptions. It is important that
students develop the understanding of how place value
relates to division.

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:

Multiply
Divide
Quotient
Remainder
Array
Equal shares
Factor
Variable
Even
Odd

Estimation
Factor pairs
Multiples
Sequence
Area model
Equation

Estimation

CCSS
Domain

Operations and Algebraic Thinking (3.OA)

Operations and Algebraic Thinking (4.OA)

Operations and Algebraic Thinking (5.OA)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Represent and solve problems involving
multiplication and division.
4. Determine the unknown whole number in a
multiplication or division equation relating three whole
numbers. For example, determine the unknown number
that makes the equation true in each of the equations 8
× ? = 48, 5 = ␣ ÷ 3, 6 × 6 = ?.
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Solve problems involving the four operations, and
identify and explain patterns in arithmetic.

Generate and analyze patterns.

Write and interpret numerical expressions.

5. Generate a number or shape pattern that follows a
given rule. Identify apparent features of the pattern that
were not explicit in the rule itself. For example, given the
rule “Add 3” and the starting number 1, generate terms
in the resulting sequence and observe that the terms
appear to alternate between odd and even numbers.
Explain informally why the numbers will continue to
alternate in this way.

1. Use parentheses, brackets, or braces in numerical
expressions, and evaluate expressions with these
symbols.
2. Write simple expressions that record calculations with
numbers, and interpret numerical expressions without
evaluating them. For example, express the calculation
“add 8 and 7, then multiply by 2” as 2 × (8 + 7).
Recognize that 3 × (18932 + 921) is three times as
large as 18932 + 921, without having to calculate the
indicated sum or product.

8. Solve two-step word problems using the four
operations. Represent these problems using equations
with a letter standing for the unknown quantity. Assess
the reasonableness of answers using mental
computation and estimation strategies including
rounding (This standard is limited to problems posed
with whole numbers and having whole-number answers;
students should know how to perform operations in the
conventional order when there are no parentheses to
specify a particular order (Order of Operations)).
9. Identify arithmetic patterns (including patterns in the
addition table or multiplication table), and explain them
using properties of operations. For example, observe
that 4 times a number is always even, and explain why
4 times a number can be decomposed into two equal
addends.

Use the four operations with whole numbers to
solve problems.
3. Solve multistep word problems posed with whole numbers
and having whole-number answers using the four
operations, including problems in which remainders must
be interpreted. Represent these problems using equations
with a letter standing for the unknown quantity. Assess the
reasonableness of answers using mental computation and
estimation strategies including rounding.

Analyze patterns and relationships.

Instructional Strategies: Once students have a good

Instructional Strategies: In order for students to be

Instructional Strategies: Students should be given

grasp on their multiplication and division, they can begin to
determine the unknown fact in a multiplication or division
problem. Have students write a multiplication or division
problem and the related multiplication or division problem.
For example, to determine the unknown whole number in 27
÷ ☐ = 3, students should use knowledge of the related
multiplication fact of 3 x 9 = 27. They should ask themselves
questions such as, “How many 3s are in 27?” or “3 times what
number is 27?” have them justify their thinking with models or
drawings1 (MP.1, MP.2, MP.3, MP.6, MP.7, MP.8)

successful later in the formal study of algebra, their algebraic
thinking needs to be developed. Understanding patterns are
fundamental to algebraic thinking. Arithmetic patterns may be
familiar to many students through exposure to addition and
multiplication tables (MP.2, MP.7, MP.8).

ample opportunities to explore numerical expressions with
mixed operations. This is the foundation for evaluating
numerical and algebraic expressions that will include wholenumber exponents in the following stage1.

Students should also apply their understanding of unknown
factors to contextual problems. It is through contextual
problems that students will gain a full understanding of which
operation to use in any given situation. Number skills and
concepts are developed as students solve problems with
unknown factors1 (MP.1, MP.2)

In this stage students will be looking for growth patterns
(patterns that involve a progression from step to step). With
these patterns, students not only learn to extend the patterns
but look for generalizations that will tell them what the pattern
will be at any point along the way. Understanding growth
patterns leads the way to understanding functions (MP.7, MP.
8).

Researchers and mathematic’s educators advise against
providing “key words” for students to look for in problem
situations because they are not always clear or are
misleading.

Students should use their knowledge of addition and
multiplication to generate numerical or geometrics patterns
that follow a given rule. They should look for relationships in
the patterns and be able to describe and make
generalizations (MP.3, MP.7, MP.8).

In analyzing patterns students need to determine how to get
from one term to the next term. Teachers can ask

3. Generate two numerical patterns using two given rules.
Identify apparent relationships between corresponding
terms. Form ordered pairs consisting of corresponding
terms from the two patterns, and graph the ordered
pairs on a coordinate plane. For example, given the rule
“Add 3” and the starting number 0, and given the rule
“Add 6” and the starting number 0, generate terms in
the resulting sequences, and observe that the terms in
one sequence are twice the corresponding terms in the
other sequence. Explain informally why this is so.

There are conventions (rules) determined by mathematicians
that must be learned with no conceptual basis. For example,
multiplication and division are always done before addition
and subtraction1.
To help students understand order of operations, begin with
expressions that have two operations without any grouping
symbols (multiplication or division combined with addition or
subtraction) before introducing expressions with multiple
operations (MP.6). Using the same digits, with the operations
in different order, have students evaluate the expressions and
discuss why the value of the expression is different. For
example, have students evaluate 3 x 5 + 6 and 3 + 5 x 6.
Discuss the rules that must be followed. Have students insert
parentheses around the multiplication or division part in an
expression (MP.1, MP.2, MP.3, MP.6, MP.7, MP.8).
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Instructional Strategies Continued: Students should

Instructional Strategies Continued: students, “How is a

Instructional Strategies Continued: A discussion should

use various strategies to solve problems and analyze the
structure of the problem to make sense of it. It is important to
stress to students to think through the problem and the
meaning of the answer before attempting to solve it1 (MP.1,
MP.2, MP.6, MP.7)

number in the sequence related to the one that came before
it?”, and “If they started at the end of the pattern, will this
relationship be the same?” Students can use this type of
questioning in analyzing numbers patterns to determine the
rule (MP.7, MP.8).

focus on the similarities and differences in the problems and
the results (MP.3). This leads to students being able to solve
problem situations which require that they know the order in
which operations should take place1.

Encourage students to represent the problem situation in a
drawing or with counters. Base-ten blocks, grid paper, and/or
drawings can help students conceptualize what the
multiplication or division problem is asking. Students should
determine the reasonableness of the solution to all problems
using mental computations and estimation strategies (MP.1,
MP.3)

Students should start analyzing patterns with physical
materials such as counters, tiles, or toothpicks. After
providing examples, allow students to create their own growth
patterns in which each step is somehow related to the
previous steps (MP.1, MP.2, MP.4). After students get familiar
with analyzing growth patterns made out of manipulatives they
should start recording the numeric components of the pattern
in a table. For example,

Step

1

2

3

4

Number of
dots

5

8

11

14

+3
+3
+3
Once a table is developed, students have two representations
of the pattern. Students should also determine if there are
other relationships in the patterns. For example, when given
the rule “add 4” starting with the number 1, the pattern, 1, 5, 9,
13, 17 is generated. One relationship in the pattern is that
each step is 4 more than the previous step. Another is that
each step is an odd number1 (MP.2, MP.3, MP.7).
Students should be able to both generate numeric patterns
from a given rule and analyze patterns that are both additive
and multiplicative (e.g., each step is 2 times the previous).
The standard does not require that students infer or guess the
rule for a given pattern on their own. They are just expected
to create a pattern from a given rule and then analyze the
pattern to look for additional features5 (MP.1, MP.2, MP.7)
Just like it was mentioned in the previous stage, students
need experiences that allow them to connect mathematical
statements and number sentences or equations. This allows
for an effective transition to formal algebraic concepts. They
represent an unknown number in a word problem with a
symbol. Word problems which require multiplication or
division are solved by using drawings and equations1 (MP.2,
MP.6)
In this stage students need to solve word problems involving
multiplicative comparison (product unknown, partition
unknown) using multiplication or division See page 11 for
examples of common multiplication and division strategies.
They should use drawings or equations with a symbol for the
unknown number to represent the problem.

After students have evaluated expressions without grouping
symbols, present problems with one grouping symbol,
beginning with parentheses, then in combination with
brackets and/or braces1.
Have students write numerical expressions in words without
calculating the value. This is the foundation for writing
algebraic expressions. Then, have students write numerical
expressions from phrases without calculating them1 (MP.2,
MP.7).
Students should have experienced generating and analyzing
numerical patterns from previous levels. Given two rules with
an apparent relationship, students should be able to identify
the relationship between the resulting sequences of the terms
in one sequence to the corresponding term in the other
sequence. For example, starting with 0, multiple by 4 and
starting with 0, multiply by 8 and generate each sequence of
numbers (0, 4, 8, 12, 16,...) and (0, 8, 16, 24, 32,...). Have
students record the values in a table (t-chart) and look for
relationships. Students should see that the terms in the
second sequence are double the terms in the first sequence,
or that the terms in the first sequence are half the terms in the
second sequence1 (MP.1, MP.2, MP.4, MP.6, MP.7)
Have students form ordered pairs and graph them on a
coordinate plane and discuss patterns seen in the graph (MP.
4). Graphing ordered pairs on a coordinate plane is
introduced to students in the Geometry domain where
students solve real-world and mathematical problems. For
the purpose of this cluster, only use the first quadrant of the
coordinate plane, which contains positive number only.
Initially provide coordinate grids for students, but also
introduce them to creating them on their own.

Common Misconceptions Continued:

Common Misconceptions Continued:

Common Misconceptions: Often students believe that
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the order in which a problem with mixed operations is written
is the order to solve the problem. Allow students to use
calculators to determine the value of the expression, and then
discuss the order the calculator used to evaluate the
expression. Do this only with scientific calculators1.

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:

Unknown
Equal shares
Variable
Pattern

Unknown
Variable
Equation

Parenthesis
Brackets
Braces
Numerical expression
Evaluate

Operations and Algebraic Thinking (3.OA)

Operations and Algebraic Thinking (4.OA)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Understand properties of multiplication and the
relationship between multiplication and division.

Use the four operations with whole numbers to
solve problems.

5. Apply properties of operations as strategies to multiply
and divide (no need for formal terms). Examples: If 6 ×
4 = 24 is known, then 4 × 6 = 24 is also known.
(Commutative property of multiplication.) 3 × 5 × 2 can
be found by 3 × 5 = 15, then 15 × 2 = 30, or by 5 × 2 =
10, then 3 × 10 = 30. (Associative property of
multiplication.) Knowing that 8 × 5 = 40 and 8 × 2 = 16,
one can find 8 × 7 as 8 × (5 + 2) = (8 × 5) + (8 × 2) = 40
+ 16 = 56. (Distributive property.)
6. Understand division as an unknown-factor problem. For
example, find 32 ÷ 8 by finding the number that makes
32 when multiplied by 8.

1. Interpret a multiplication equation as a comparison, e.g.,
interpret 35 = 5 × 7 as a statement that 35 is 5 times as
many as 7 and 7 times as many as 5. Represent verbal
statements of multiplicative comparisons as multiplication
equations.
2. Multiply or divide to solve word problems involving
multiplicative comparison, e.g., by using drawings and
equations with a symbol for the unknown number to
represent the problem, distinguishing multiplicative
comparison from additive comparison.1

Number and Operations - Fraction (5.NF)
Students will demonstrate mastery of all previous skills and
learn to:

Apply and extend previous understandings of
multiplication and division to multiply and divide
fractions.
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CCSS
Domain

5. Interpret multiplication as scaling (resizing), by:
a. Comparing the size of a product to the size of one
factor on the basis of the size of the other factor,
without performing the indicated multiplication.
b. Explaining why multiplying a given number by a
fraction greater than 1 results in a product greater than
the given number (recognizing multiplication by whole
numbers greater than 1 as a familiar case); explaining
why multiplying a given number by a fraction less than
1 results in a product smaller than the given number;
and relating the principle of fraction equivalence a/b =
(n×a)/(n×b) to the effect of multiplying a/b by 1.

Instructional Strategies: Students need to apply

Instructional Strategies: Students need to be able to

Instructional Strategies: Scaling is important because it

properties of operations (commutative, associative, and
distributive) as strategies to multiply and divide. Applying the
concept involved is more important than students knowing the
name of the property. Understanding the properties of
mathematics is something developed through repeated
exposure and practice with facts.

distinguish whether a word problem involves multiplicative
comparison or additive comparison1 (MP.2) In an additive
comparison, the underlying question is “What amount would
be added to a quantity” in order to result in the other. In a
multiplicative comparison, the underlying question is “What
factor would multiply one quantity” in order to result in the
other5.

lays down the foundation for future work with ratios and
proportional reasoning. When students can see multiplication
in terms of quantity and a scaling factor they are
understanding the basics of ratios and proportions. For
example, given the problem 3 x 7, if students can see 3 as
the quantity and 7 as a scaling factor they are comparing one
factor on the basis of another. They might say that 3 x 7 is 7
times as big as 3, without evaluating the product. Likewise,
they might see 1/2 x 5 as half the size of 5 (MP.7).

Students will discover properties such as 4 x 2 = 8 is the
same as 2 x 4 = 8 (commutative property) through the use of
models
as basic multiplication facts are learned (MP.7, MP.8)
To find the product of three numbers, students can use what
they know about the product of two factors and multiply this
by the third factor (associative property). For example, to
multiply 3 x 6 x 2, students might know that 3 x 2 is 6. Then,
they can use their knowledge of doubles to find the product of
6 x 6 (36). Allow students to use their own strategies and
share with the class when applying the associative property of
multiplication (MP.2, MP.3, MP.6).

Language can be difficult in multiplication compare problems
because phrases such as “three times more than” or “three
times less than” mix both the multiplicative and additive
comparisons. The phrases are also ambiguous because “If
the cost of a red shirt is three times more than a blue shirt
that costs $5.00” does the red shirt cost $15 (three times as
much)

The understanding of multiplication as scaling is an important
opportunity for students to reason abstractly. Previous work
with multiplication by whole numbers enables students to see
multiplication by numbers bigger than 1 as producing a larger
quantity, as when a recipe is doubled, for example. Now,
students begin multiplying by fractions, and interpreting
fractions in terms of division. Students should notice that
multiplying by a fraction smaller than 1 will produce a smaller
quantity1 (MP.3, MP.7).

Instructional Strategies Continued: Splitting arrays can

Instructional Strategies Continued: or $20 (three times

help students understand the distributive property. This will
help students understand that they can use a known fact to
find more difficult facts. For example, if students were given
the problem 8 x 7, they can make an array and then split the
array into 8 groups of 4 and 8 groups of 3. Then they can
add the groups together (MP.4, MP.5, MP.6, MP.7).

more than; a difference that is three times as much)? It is
important to discuss this with students because the phrase
appears frequently in printed materials such as newspapers5.
The first meaning is typically the accepted meaning (MP.1)

=

+

Instructional Strategies Continued:

Present multi-step word problems with whole numbers and
whole-number answers using the four operations. Students
should know which operations are needed to solve the
problem. Some problems might be easily represented with a
single equation, and others will be more sensibly represented
by more than one equation or diagram. The number of steps
should be no more than three. Students should check the
reasonableness of their answer using mental computation
and estimation strategies (MP.2, MP.3, MP.4, MP.6, MP.7).
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The students can then solve the more difficult problem of 8 x
7 by solving 8 x 4 (32) and 8 x 3 (24) and adding the answers
together. They can write the problem out as 8 x 7 = 8 x 4 + 8
x 3 = 561.
Students‘ understanding of the part/whole relationships is
critical in understanding the connection between
multiplication and division.

Common Misconceptions:

Common Misconceptions:

Common Misconceptions:

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:

Division
Multiplication
Commutative
Associative
Distributive
Identity

Division
Multiplication
Commutative
Associative
Distributive
Identity

Division
Multiplication
Commutative
Associative
Distributive
Identity
Scaling

CCSS
Domain

Measurement and Data (3.MD)
Students will demonstrate mastery of all previous skills and
learn to:

Solve problems involving measurement and
estimation of intervals of time, liquid volumes, and
masses of objects.
1. Tell and write time to the nearest minute and measure
time intervals in minutes. Solve word problems involving
addition and subtraction of time intervals in minutes,
e.g., by representing the problem on a number line
diagram.

Instructional Strategies: Learning to tell time has more
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to do with learning to read a dial type instrument than time
measurement. Students have experience in telling time in the
previous two stages, and now should be working on telling
and writing time to the nearest minute and measuring time
intervals in minutes.
Students should not be working on telling time at this level if
they have not yet learned to tell time to the nearest five
minute. Students who are struggling telling time to the
nearest five minutes will have an even harder time telling time
to the nearest minute.
When teaching students to tell time to the nearest minute it is
important to stress to students that digital clocks only show
the current time, while analog clocks allow them to see past,
present, and future times. Digital clocks permit students to
read time easily, but it does not relate times very well (MP.5).
For example, to know that a digital reading of 4:58 is nearly 5
o’clock, a student must know that there are 60 minutes in an
hour, that 58 is close to 60, and that 2 minutes is not a long
time. An analog clock allows student to better see beginning
and ending times. When told at a certain time (e.g., 1:00p.m.)
that there are 15 minutes left until art starts, students will be
able to see on an analog clock the distance a minute hand
must move until it is art time (1:15).
Students need to know and understand that each five minute
interval contains five individual marks, each representing one
minute. The minute hand moves to a new mark every sixty
seconds, and with each minute that passes the hour hand
gets closer and closer to the next hour. So, it is important to
stress to students that sometimes it will look like the hour
hand is on the following hour when the minute hand is close
to the 12. So students sometimes need to use the minute
hand to know what hour it is (MP.5, MP.6)
Repeated exposure to telling time to the nearest minute is
key in the understanding of telling time. Have students
predict and write the reading on a digital clock when shown
an analog clock, and vice versa. It should be incorporated
into the daily classroom routine as much as possible. Instead
of telling

Instructional Strategies:

Instructional Strategies:

Instructional Strategies Continued: students it is time

Instructional Strategies Continued:

Instructional Strategies Continued:

Common Misconceptions:

Common Misconceptions:

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:

for lunch, ask a student to tell you what time it is. Be sure to
provide opportunities for discussion as well (MP.3, MP.5, MP.
6).

Common Misconceptions: Many students understand
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how to read digital clocks, but struggle with the idea of
“nearest to” when using a digital clock because it only shows
current time. For example, it may be difficult for a student to
know that 3:58 is almost 4:00. It is important to provide
students with repeated exposure to telling time with both the
analog and digital clocks. Discuss time and time
relationships as much as possible. Frequently remind
students how many minutes are in an hour and how many
seconds are in a minute.

Analog
Digital
Nearest minute
Interval
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CCSS
Domain

Measurement and Data (3.MD)

Measurement and Data (4.MD)

Measurement and Data (5.MD)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Solve problems involving measurement and
estimation of intervals of time, liquid volumes, and
masses of objects.

Solve problems involving measurement and
conversion of measurements from a larger unit to a
smaller unit.

2. Measure and estimate liquid volumes and masses of
objects using standard units of grams (g), kilograms (kg),
and liters (l). Add, subtract, multiply, or divide to solve onestep word problems involving masses or volumes that are
given in the same units, e.g., by using drawings (such as a
beaker with a measurement scale) to represent the
problem.

1. Know relative sizes of measurement units within one
system of units including km, m, cm; kg, g; lb, oz.; l, ml; hr,
min, sec. Within a single system of measurement, express
measurements in a larger unit in terms of a smaller unit.
Record measurement equivalents in a two column table.
For example, know that 1 ft is 12 times as long as 1 in.
Express the length of a 4 ft snake as 48 in. Generate a
conversion table for feet and inches listing the number pairs
(1, 12), (2, 24), (3, 36), ...
2. Use the four operations to solve word problems involving
distances, intervals of time, liquid volumes, masses of
objects, and money, including problems involving simple
fractions or decimals, and problems that require expressing
measurements given in a larger unit in terms of a smaller
unit. Represent measurement quantities using diagrams

Instructional Strategies: This standard requires that

Instructional Strategies: In order for students to have a

Instructional Strategies: Students at this stage build off of

students learn to reason about mass and volume. Students
need multiple opportunities weighing classroom objects and
filling containers to help them develop a basic understanding
of the size and weight of a liter, gram, and kilogram. Be sure
that before learning to measure attributes, students recognize
them and distinguish them from other attributes. Students
need to have some sense of quantity (e.g., big and bigger)
before reasoning about an objects’ mass and volume.

better understanding of the relationships between units, they
need to use measuring devices in class. In this stage
students are working with cups, pints, quarts, gallons,
pounds, ounces, kilometers, millimeter, milliliters, and
seconds.

the foundation laid in the previous stage where students
expressed larger units as smaller units within a single system
of measurement. Now, students will convert between any two
standard measurements within a given system. Once again,
an understanding of place value will play a large role in this
concept (MP.2, MP.7).

Students are not expected to do conversions between units,
but reason as they estimate, using benchmarks to measure
weight and capacity.

Just like in the previous stage where students worked on
developing benchmarks for a gram, kilogram, and liter,
students should develop benchmarks and mental images of a
meter and a kilometer. They should also understand that
“kilo” means a thousand, so 5000m is equivalent to 5 km7
(MP.2, MP.5)

As an activity, have students identify 5 things that weight
about one gram. This activity helps students develop
benchmarks. For example, one large paperclip is about a
gram. Students can then repeat this activity for 5 grams and
10 grams. Developing benchmarks will help students reason
about the size and weight of objects (MP.2, MP.5, MP.6)

Expressing larger measurements in smaller units can easily
be connected to place value. There are prefixes for multiples
of the basic unit (meter or gram). These multiples are similar
to the base-ten structure of our number system. Although
only a few (kilo-, centi-, and milli-) are in common use. See
the table below (MP.7)

When planning word problems for students that involve
measurement quantities, be sure to utilize the multiplication
and division situation table located on page 11. However, as
a note, students are not to be solving multiplicative
comparison problems (those located in the compare row of
the table) (MP.2, MP.6).

Convert like measurement units within a given
measurement system.
1. Convert among different-sized standard measurement units
within a given measurement system (e.g., convert 5 cm to
0.05 m), and use these conversions in solving multi-step,
real world problems.

At this stage, students will apply their understanding of
fractions and decimals to convert smaller units to larger units.
So, students may complete a table similar to the one in the
previous stage, but reverse.

ft
0

in
0
1
2
3

Students should be presented with real problems that
address these concepts. They may continue to use number
lines, tapes diagrams, or other tools to reach an answer.
Make sure students share their answers and methods. The
problem below is an example of a problem students might be
presented with (MP.2, MP.3, MP.4, MP.5, MP.6, MP.7)
Relating units within the metric system is another opportunity
to think about place value. For example, students might

Instructional Strategies:

Instructional Strategies: make a table that shows
measurements of lengths in centimeters and meters and feet
and inches7 .

m
1
2
3
4
5
10

cm ordered pair
100
(1,100)
200
(2,200)
300
(3,300)

ft
1
2
3
4
5
10

in
12
24
36

Students should also be presented with measurement
problems using all four arithmetic operations, addition,
subtraction, multiplication, and division. Utilize the
multiplication and division situation table on page 11 for
different multiplication and division problems (MP.1, MP.4, MP.
6, MP.7) . For example, “How many liters of juice does the
class need to have at least 35 cups if each cup takes 225
ml?” Students may use tape or number line diagrams for
solving such problems (MP1)7.
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Tape diagrams are similar to fraction strips in that they allow
students to see number relationships and break up wholes
(MP.5).

Number lines are a useful tool for students to help solve
measurement word problems. For example, if given the
problem: Sally spent 1/4 of her money on a dress. The dress
cost $20. How much money did she have at first? Students
might use the number line below to solve the problem7.

Or, if given What time does Marla have to leave to be at the
airport by a quarter after 3 if the trip takes 90 minutes?
Students might use the following number line7.

Instructional Strategies:

Common Misconceptions Continued:

Common Misconceptions Continued:

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:

Common Misconceptions Continued: Students may
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read the mark on a scale that is below a designated number
on the scale as if it was the next number. For example, a
mark that is one mark below 80 grams may be read as 81
grams. Students realize it is one away from 80, but do not
think of it as 79 grams1.

Gram
Kilogram
Liter
Liquid volume
Mass

Pound
Ounce
Kilometer
Conversion

Conversion

Measurement and Data (4.MD)

CCSS
Domain

Students will demonstrate mastery of all previous skills and
learn to:

Geometric measurement: understand concepts of
angle and measure angles.

Lines and Angles
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5. Recognize angles as geometric shapes that are formed
wherever two rays share a common endpoint, and
understand concepts of angle measurement:
a. An angle is measured with reference to a circle with its
center at the common endpoint of the rays, by
considering the fraction of the circular arc between the
points where the two rays intersect the circle. An angle
that turns through 1/360 of a circle is called a “onedegree angle,” and can be used to measure angles.
b. An angle that turns through n one-degree angles is said
to have an angle measure of n degrees.
6. Measure angles in whole-number degrees using a
protractor. Sketch angles of specified measure.
7. Recognize angle measure as additive. When an angle is
decomposed into non-overlapping parts, the angle measure
of the whole is the sum of the angle measures of the parts.
Solve addition and subtraction problems to find unknown
angles on a diagram in real world and mathematical
problems, e.g., by using an equation with a symbol for the
unknown angle measure.

Geometry (4.G)
Students will demonstrate mastery of all previous skills and
learn to:

Draw and identify lines and angles, and classify
shapes by properties of their lines and angles.
1. Draw points, lines, line segments, rays, angles (right,
acute, obtuse), and perpendicular and parallel lines.
Identify these in two-dimensional figures.

Instructional Strategies:

Instructional Strategies: Types of lines should be
introduced before types of angles. Angles should first be
discussed without mentioning degrees. Angles are geometric
shapes composed of two rays that are infinite in length.
Introduce the concept of angles using rulers or an angle
explorer (see picture below). Rulers can represent the rays
of an angle (MP.5). As one ruler is rotated, the size of the
angle is seen to get larger. Explain that a right angle is
formed when the rulers (or any two lines) form an perfect ‘L’.
They can also use the corners of a sheet of paper as a
benchmark for a right angle. Ask questions about the types

Instructional Strategies:

Instructional Strategies Continued:

Instructional Strategies Continued: of angles created.

Instructional Strategies Continued:

Responses may be in terms of the relationship to right
angles. Introduce angles as acute (less than the measure of
a right angle) and obtuse (greater than the measure of a right
angle). Have students draw representations of each type of
angle. They also need to be able to identify angles in twodimensional figures1 (MP.3, MP.4, MP.7)
An angle explorer is made with two strips of cardboard
attached with a brass fastener.

Students can compare angles to determine whether an angle
is acute or obtuse. This will allow them to have a benchmark
reference for what an angle measure should be when using a
tool such as a protractor or an angle ruler. Provide students
with four pieces of straw, two pieces of the same length to
make one angle and another two pieces of the same length to
make an angle with longer rays1 (MP.5, MP.6)
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Another way to compare angles is to place one angle over
the other angle. Provide students with a transparency to
compare two angles to help them conceptualize the spread of
the rays of an angle. Students can make this comparison by
tracing one angle and placing it over another angle. The side
lengths of the angles to be compared need to be different1
(MP.5, MP.6)
Students are ready to use tool to measure angles once they
understand the difference between an acute angle and an
obtuse angle. Angles are measured in degrees. There is a
relationship between the number of degrees in an angle and
circle which has a measure of 360 degrees. Students are to
use a protractor to measure angles in whole-number degrees.
They can determine if the measure of the angle is reasonable
based on the relationship of the angle to a right angle. They
also make sketches of angles of specified measure1 (MP.5,
MP.6)

Common Misconceptions:

Common Misconceptions: Students sometimes see a
wide angle with short sides as smaller than a narrow angle
with long sides. Be sure to have students compare angles
with different side lengths.
Students are confused as to which number to use when
determining the measure of an angle using a protractor
because most protractors have a double set of numbers.
Students should decide first if the angle appears to be an
angle that is less than the measure of a right angle (90°). If
the

Common Misconceptions:

Common Misconceptions Continued:

Common Misconceptions Continued: angle appears to

Common Misconceptions Continued:
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be less than 90°, it is an acute angle and its measure ranges
from 0° to 89°. If the angle appears to be an angle that is
greater than 90°, it is an obtuse angle and its measures
range from 91° to 179°. Ask questions about the
appearance of the angle to help students in deciding which
number to use1.

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Angle
Ray
Endpoint
Degrees
Protractor
Points
Lines
Line segments
Right angle

Assessment Procedure:

Acute angle
Obtuse angle
Perpendicular lines
Parallel lines
Right triangle

Vocabulary:
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CCSS
Domain

Measurement and Data (3.MD)

Measurement and Data (4.MD)

Measurement and Data (5.MD)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Represent and interpret data.

Represent and interpret data.

Represent and interpret data.

3. Draw a scaled picture graph and a scaled bar graph to
represent a data set with several categories. Solve oneand two-step “how many more” and “how many less”
problems using information presented in scaled bar
graphs. For example, draw a bar graph in which each
square in the bar graph might represent 5 pets.
4. Generate measurement data by measuring lengths
using rulers marked with halves and fourths of an inch.
Show the data by making a line plot, where the
horizontal scale is marked off in appropriate units—
whole numbers, halves, or quarters.

4. Make a line plot to display a data set of measurements
in fractions of a unit (1/2, 1/4, 1/8). Solve problems
involving addition and subtraction of fractions by using
information presented in line plots. For example, from a
line plot find and interpret the difference in length
between the longest and shortest specimens in an
insect collection.

2. Make a line plot to display a data set of measurements in
fractions of a unit (1/2, 1/4, 1/8). Use operations on
fractions for this grade to solve problems involving
information presented in line plots. For example, given
different measurements of liquid in identical beakers, find
the amount of liquid each beaker would contain if the total
amount in all the beakers were redistributed equally.

Instructional Strategies: At this stage students are

Instructional Strategies: In previous stages data has

Instructional Strategies: In this stage students are to

moving from creating picture graphs and bar graphs with
single-unit scales to scaled picture graphs and scaled bar
graphs. This connects to their understanding of multiplication
and division within 100. If students are still struggling in basic
multiplication and division, they should not be working on
scaled picture graphs and scaled bar graphs on their own.
They will struggle with scaling if they are struggling with
multiplication and division.

been measures and represented on line plots in whole
numbers, halves, or quarters. In the previous stage students
also learned to represent fractions on number lines. Now
students are using line plots to display measurement data in
fraction units and using the data to solve problems involving
addition or subtraction of fractions1. If students are not yet
solid in their understanding of fractions, they should not be
working with line plots involving fractions.

When creating picture graphs students should remember to
create a key that identifies the scaling factor. For example, a
key might show ☂ represents 3 rainy days. So, if there are 4

Have students create line plots with fractions of a unit (1/2,
1/4, 1/8, etc.) and plot data showing multiple data points for
each fraction.

continue to use and make line plots that incorporate fractions,
but now students must be able to perform all four operations
with the fractional values. For example, if a line plot is
displaying data on the amount of liquid in graduated
cylinders, ask students, “Given five graduated cylinders with a
different measure of liquid in each, how much liquid would be
in each cylinder if the liquid were redistributed equally?” To
do this students must apply their understanding of fractions to
add (or multiply) to determine the total amount of liquid in the
five beakers. Then they must divide that amount equally
among the five beakers. A task like this would be laying the
foundation for finding mean that occurs in the following
stages (MP.4, MP.6, MP.7, MP.8).

☂, students should use their understanding of multiplication
to know that the four icons represents 12 rainy days (MP.6).
In a scaled bar graph, students should first look at the data
set to find the maximum value. Then, they should use their
understanding of rounding and division to decide on an
interval. Be sure to discuss with students reasonable
intervals. For example, if the maximum data value in a set is
28 (close to 30), an interval of 5 might not be a good interval
if there are many values close to 28 also in the set. An
interval of 2 might be more reasonable. However, if the
maximum value in a set is 84, with very few data points close
to it, an interval of 5 might be reasonable. Students should be
graphing six or fewer categories4 (MP.4, MP.6)
Students should be asked to solve questions that require
students to compare quantities and use mathematical

For example:

X
X
X
X X

X
X X
X X
0
4

1
4

2
4

3
4

4
4

5
4

X
X X X
X X X
X X X
6
4

7
4

8
4

X X
X X X
9 10 11 12 13
4 4 4 4 4

Pose numerous questions that require students to use the
data in the graph. Some questions should involve performing
operations with fractions1 (MP.2, MP.3, MP.6, MP.7)
Questions such as:

Use the tables located on page 11 for common addition and
subtraction, and multiplication and division situations as a
guide to the types of problems students need to solve without
specifying the type of problem. Allow students to share
methods used to solve the problems (MP.3, MP.6). Also have
students create problems to show their understanding of the
meaning of each operation1.

Instructional Strategies Continued: concepts and skills.

Instructional Strategies Continued:

“How many more” and “How many less” questions should be
asked to reinforce problem solving and data comparison (MP.2,
MP.3).
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Students should be able to gather their own categorical data
and represent the data in either a picture graph or a bar graph.
They do not have to gather their own data every time they need
to generate a picture graph or a bar graph, but they should be
asked to occasionally do so4 (MP.1, MP.4, MP.6) Be sure to
utilize graphs throughout the year and not just a single unit in
math.
Students are to also utilize their new understanding of fractions
to measure lengths using rulers marked with halves and fourths
of an inch. Students should be reminded of how they plotted
fractions on a number line, and asked to identify how the ruler
and a number line are similar. When numerous measurement
values are being taken for similar objects, the data should be
recorded on a line plot. The horizontal scale of the line plot is
marked off in whole numbers, halves, or fourths. Students can
create line plots with appropriate markings by using the ruler as
an aide (MP.4, MP.6)
For example, 15 students measured there feet and got the
following measurements in inches:

Instructional Strategies Continued:

•“How many one-fourths are shown on the line plot?”
Expect “three one-fourths” as the answer. Then ask,
“What is the total of these three one-fourths?”
Encourage students to count the fractional numbers as
they would with whole number counting, but using the
fraction name.
•“What is the total number of inches for insects
measuring 6/4 inches?” Students can use skip counting
with fraction names to find the total, such as, “sixfourths, twelve-fourths, eighteen-fourths.” The last
fraction names the total. Students should notice hat the
denominator did not change when they were saying the
fraction name. Have them make a statement about the
result of adding fractions with the same denominator.
•“What is the total number of insects measuring 2/4
inches or 5/4 inches?” Have students write number
sentences to represent the problem and solution such
as 2/4 + 2/4 + 5/4 = 9/4 inches1.
Use visual fraction strips and fraction bars to solve
problems involving addition and subtraction of fractions
(MP.5).

6 3/4, 7 1/2, 7 1/4, 7 3/4, 7 1/4, 7 1/2, 7, 6 1/2, 7 1/4, 5 1/4, 6, 7,
6 1/4, 6 1/2, 7, 6 3/4
The line plot for the data would look like the following:

X

0

5

5¼

5½ 5¾

X

X

X
X

6

6¼

6½

X
X

X
X
X

X
X
X

X
X

X

6¾

7

7¼

7½

7¾

8

Length of a Third Grader’s Foot (inches)

Common Misconceptions: Although intervals on a bar
graph are not in single units, students count each square as
one. To avoid this error, have students include tick marks
between each interval. Students should begin each scale with
0. They should think of skip counting when determining the
value of a bar since the scale is not in single units1.

Common Misconceptions: Students use wholenumber names when counting fractional parts on a
number line. The fraction name should be used instead.
For example, if two-fourths is represented on the line plot
three times, then there would be six fourths1.

Common Misconceptions:

Represent and Interpret Data
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Common Misconceptions Continued:

Common Misconceptions Continued:

Common Misconceptions Continued:

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:

Scale (of a graph)
Line plot

Table
Line plot

Line plot
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CCSS
Domain

Measurement and Data (3.MD)

Measurement and Data (4.MD)

Measurement and Data (5.MD)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Geometric measurement: understand concepts of
area and relate area to multiplication and to
addition.

Solve problems involving measurement and
conversion of measurements from a larger unit to
a smaller unit.

Geometric measurement: understand concepts of
volume and relate volume to multiplication and to
addition.

5. Recognize area as an attribute of plane figures and
understand concepts of area measurement.
a. A square with side length 1 unit, called “a unit square,”
is said to have “one square unit” of area, and can be
used to measure area.
b. A plane figure which can be covered without gaps or
overlaps by n unit squares is said to have an area of n
square units.
6. Measure areas by counting unit squares (square cm,
square m, square in, square ft, and improvised units).
7. Relate area to the operations of multiplication and
addition.
a. Find the area of a rectangle with whole-number side
lengths by tiling it, and show that the area is the same
as would be found by multiplying the side lengths.
b. Multiply side lengths to find areas of rectangles with
whole- number side lengths in the context of solving
real world and mathematical problems, and represent
whole-number products as rectangular areas in
mathematical reasoning.
c. Use tiling to show in a concrete case that the area of a
rectangle with whole-number side lengths a and b + c
is the sum of a × b and a × c. Use area models to
represent the distributive property in mathematical
reasoning.
d. Recognize area as additive. Find areas of rectilinear
figures by decomposing them into non-overlapping
rectangles and adding the areas of the nonoverlapping parts, applying this technique to solve real
world problems.

3. Apply the area and perimeter formulas for rectangles in
real world and mathematical problems. For example,
find the width of a rectangular room given the area of
the flooring and the length, by viewing the area formula
as a multiplication equation with an unknown factor.

3. Recognize volume as an attribute of solid figures and
understand concepts of volume measurement.
a. A cube with side length 1 unit, called a “unit cube,” is
said to have “one cubic unit” of volume, and can be used
to measure volume.
b. A solid figure which can be packed without gaps or
overlaps using n unit cubes is said to have a volume of n
cubic units.
4. Measure volumes by counting unit cubes, using cubic cm,
cubic in, cubic ft, and improvised units.
5. Relate volume to the operations of multiplication and
addition and solve real world and mathematical problems
involving volume.
a. Find the volume of a right rectangular prism with wholenumber side lengths by packing it with unit cubes, and
show that the volume is the same as would be found by
multiplying the edge lengths, equivalently by multiplying
the height by the area of the base. Represent threefold
whole-number products as volumes, e.g., to represent
the associative property of multiplication.
b. Apply the formulas V=l×w×h and V=b×h for rectangular
prisms to find volumes of right rectangular prisms with
whole- number edge lengths in the context of solving
real world and mathematical problems.
c. Recognize volume as additive. Find volumes of solid
figures composed of two non-overlapping right
rectangular prisms by adding the volumes of the nonoverlapping parts, applying this technique to solve real
world problems.

Geometric measurement: recognize perimeter as
an attribute of plane figures and distinguish
between linear and area measures.
8. Solve real world and mathematical problems involving
perimeters of polygons, including finding the perimeter
given the side lengths, finding an unknown side length,
and exhibiting rectangles with the same perimeter and
different areas or with the same area and different
perimeters.

Numbers and Operations - Fractions (5.NF)
Students will demonstrate mastery of all previous skills and
learn to:

Apply and extend previous understandings of
multiplication and division to multiply and divide
fractions.
4. Apply and extend previous understandings of multiplication
to multiply a fraction or whole number by a fraction.
b.
Find the area of a rectangle with fractional side
lengths by tiling it with unit squares of the
appropriate unit fraction side lengths, and show
that the area is the same as would be found by
multiplying the side lengths. Multiply fractional
side lengths to find areas of rectangles, and
represent fraction products as rectangular areas

Instructional Strategies: This is the first students are

Instructional Strategies: Students used models to find

Instructional Strategies: Volume is the major emphasis

exposed to the concept of area, so it is extremely important
not to just jump in and tell students the formula for area.
Students need to understand what it means to find area
before they can be introduced to the formula for area.
Students can cover rectangular shapes with tiles and count
the number of units (tiles) to begin developing the idea that
area is a measure of covering. Area describes the size of an
object that is two-dimensional (MP.7, MP.8)

area and perimeter in the previous stage. The only difference
at this stage is that students now need to relate their
understanding of area and perimeter using models to realworld situations1. Students are also going to use their
knowledge of area and perimeter to solve for unknown side
lengths. For example, given that in order to fence in a
rectangular horse pen 326 yards of fence were needed, and
the length of one side is 100 yards, how long are the other
sides? To solve this students should view the perimeter
formula as an addition equation with unknown factors (MP.2,
MP.3, MP.6, MP.7)

for measurement at this stage. Volume is often more difficult
for students than area because it introduces a third
dimension. The third dimension offers a significant challenge
to students’ spatial structuring, but also complexity in the
nature of materials measured. It is important that students
first learn to explore volume with a variety of fillers. For
example, given a variety of boxes, have students fill the
boxes with beans (or rice, packing peanuts, cubic blocks,
etc.) to determine what objects has the largest/smallest
volume. After students have indirectly explored volume,
students should be introduced to a unit of volume, such as a
cube with a side length of 1 unit (MP.3, MP.7).
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After students understand that area can be determined by
counting how many square units it takes to completely cover
the rectangle without overlaps or gaps, a connection needs to
be made between the number of squares it takes to cover the
rectangle and the dimensions of the rectangle. Students
should be asked to discover what the length and width of a
rectangle describes about the squares covering it1 (MP.2, MP.
7)
After students understand the meaning of area, students
need to discover that the length of one dimension of a
rectangle tells how many squares are in each row of an array
and the length of the other dimension of the rectangle tells
how many squares are in each column. Ask questions about
the dimensions if students do not make these discoveries.
For example, ask students “How do the squares covering a
rectangle compare to an array?” or “How is multiplication
used to count the number of objects in an array?” (MP.7)
Students should recognize that arrays do not always need to
be formed with dots. They can be formed with unit squares
as well. When students have made the connection between
area and arrays, they should be able to relate area to
repeated addition and multiplication. This connection justifies
the formula for the area of a rectangle1. It also makes area
have a conceptual meaning for students, rather than it just
being a formula they have to remember (MP.2, MP.3, MP.7,
MP.8)
Provide students with additional area practice by giving them
the area of a rectangle (e.g., 48 square inches( and have
them determine possible lengths and widths of the rectangle.
Expect different lengths and widths such as 6 inches by 8
inches or 12 inches by 4 inches1 (MP.1, MP.6, MP.7)
When first exploring perimeter have students use
manipulatives such as string, beans, or unifix cubes to
measure the length around a rectangle. If using a string,
students should wrap the string around a shape or create an
original rectangle with a certain length of string. Then,
students should cut the string at the corners of the shape. In
doing so, students will realize they can measure each side of
a shape individually, yet still see that the perimeter is all of the
sides added together. Students should be able to make the
connection that perimeter is the total distance around the
rectangle1 (MP.1, MP.7)
Students have experienced measuring lengths in inches and
centimeters in the previous stage, so, students at this point
would be able to measure the sides of any shape to the
nearest inch. Students at this stage should also be able

Have students pack cubes into right rectangular prisms and
count the cubes to determine the volume. They should also
practice building right rectangular prisms from cubes and see
the layers as they build. Have students compare the volumes
of a variety of different rectangular prisms. Such experiences
enable students to extend their spatial structuring from two to
three dimensions7. Through comparisons and discussion,
students will learn to see that a rectangular prism can be
partitioned into layers, and each layer partitioned into rows,
and each row into cubes (MP.2, MP.3, MP.7, MP.8).

After practice with filling an entire prism up with unit cubes,
give students one block, a ruler with the appropriate measure
based on the type of cube (centimeter or inches), and a small
rectangular box. Ask students to determine the number of
cubes needed to fill the box. Have students share their
strategies with the class using words, drawings, or numbers.
Allow them to confirm the volume of the box by filling the box
with cubes of the same size1 (MP.1, MP.2, MP.3, MP.5, MP.6,
MP.7, MP.8)
It is important to keep in mind the difference between
‘packing’ and ‘filling’. Often, students will state that a box can
be filled with 24 centimeter cubes or build a structure of 24
cubes, and still think of the 24 as individual items, not
necessarily units of volume. They may, for example, not
respond confidently and correctly when asked to fill a
graduated cylinder marked in cubic centimeters with the
amount of liquid that would fill the box. Students who
struggle with this task have not yet connected their ideas
about filling volume with those concerning packing volume.
Comparing and discussing the volume-units and what they
represent can help students learn a general, complete, and
interconnected conceptualization of volume as filling a threedimensional space7 (MP.2)

Instructional Strategies Continued: to add lengths to

Instructional Strategies Continued:

Instructional Strategies Continued: Students need to
learn to determine the volumes of several right rectangular
prisms, using cubic centimeters, cubic inches, and cubic feet.
With repeated practice and varied exposure, students should
look for and make use of structure to find easier ways to
calculate volume (applying multiplication) (MP.7, MP.8).
Students should see that length times the width of a right
rectangular prism can be viewed as determining how many
cubes would be in each layer. They also should discover that
the height of the prism indicates how many layers fit in the
prism7.

the nearest inch together1.
Once students know how to find the perimeter of a shape,
they can find the perimeter of rectangular-shaped objects in
their environment. Present problem situations involving
perimeter, such as finding the amount of fencing needed to
enclose a rectangular shaped yard, or how much wood is
needed to make a picture frame. Also present problem
situations in which the perimeter and two or three of the side
lengths are known, requiring students to find the unknown
side length1 (MP.1, MP.3, MP.5, MP.7)

Once students have an understanding of volume of a
rectangular prism as the product of three length
measurements (or an area and length measurement), they
are ready to be introduced to the formulas for volume. The
formulas V = l x w x h or V = B x h are efficient methods for
computing volume. Keep in mind that at this point students
are only computing volume for shapes with edges whose
lengths are whole numbers.

Students also need to explore how measurements are
affected when one attribute to be measured is held constant
and the other is changed. Using square tiles, students can
discover that the area of rectangles may be the same, but the
perimeter of the rectangles varies (MP.7, MP.8)
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Students need to apply their understanding of volume to find
the volume of a figure composed of two non-overlapping right
rectangular prisms. For example, if students had to fill up a
fish tank that was ‘L-shaped’ with water they should be able to
apply their understanding of volume to find the amount of
water that would fit inside the tank. Students should be able
to justify their answer (MP.1, MP.6, MP.7, MP.8).

Common Misconceptions: Students may confuse
perimeter and area when they measure the sides of a
rectangle and then multiply. They think the attribute they are
finding is the length (perimeter). Pose problems that requires
students to explain whether they are to find the perimeter or
area1.
Students also think that when they are presented with a
drawing of a rectangle with only two side lengths given, these
are the only dimensions they need to add. Encourage
students to include the appropriate dimensions on the other
sides of the rectangle. With problem situations, encourage
students to make a drawing to represent the situation in order
to find the perimeter1.

Common Misconceptions:

Common Misconceptions: Many students, especially
when given the formula too soon, think that the definition of
volume is “length times width times height.” This is not a
definition, but rather the means to find volume. Students
need to understand that volume is the amount of space within
a three-dimensional figure. It is the capacity within an object.
More with with using fillers will help students realize this.
Students who have been told formulas without understanding
what they truly mean will often confuse which formula to use
in certain situations. For example, if asked to find the volume
of an object, they may use the area formula. Or you may get
students asking, “Am I supposed to add or multiply the
numbers?” These are students who do not understand what
perimeter, area, and volume mean, so they have a hard time
‘picking’ which formula to use for a given task. This is why

Common Misconceptions Continued:

Common Misconceptions Continued:

Common Misconceptions Continued: This is why it is

59

Area, Perimeter, and Volume

so important to let students explore and discover concepts
before introducing formal methods.

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:

Unit square
Area
Perimeter
Formula

Area
Perimeter
Formula

Volume
Area
Unit square
Formula

Geometry (5.G)

CCSS
Domain

Students will demonstrate mastery of all previous skills and
learn to:

Graph points on the coordinate plane to solve realworld and mathematical problems.
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1. Use a pair of perpendicular number lines, called axes, to
define a coordinate system, with the intersection of the
lines (the origin) arranged to coincide with the 0 on each
line and a given point in the plane located by using an
ordered pair of numbers, called its coordinates.
Understand that the first number indicates how far to
travel from the origin in the direction of one axis, and the
second number indicates how far to travel in the direction
of the second axis, with the convention that the names of
the two axes and the coordinates correspond (e.g., x-axis
and x-coordinate, y-axis and y-coordinate).
2. Represent real world and mathematical problems by
graphing points in the first quadrant of the coordinate
plane, and interpret coordinate values of points in the
context of the situation.

Instructional Strategies:

Instructional Strategies:

Instructional Strategies: This is the first time students are
working with coordinate planes, and only in the first quadrant.
Initially students should be provided with a grid, but it is
important that students learn to create the grid themselves.
This can be related to two number lines and reliance on
previous experiences with moving along a number line (MP.6)
Although students can often “locate a point,” these
understandings are beyond simple skills. Students often fail
to distinguish between two different ways of viewing the point
(2,3), say, as instructions: “right 2, up 3”; and as the point
defined by being a distance 2 from the y-axis and a distance
3 from the x-axis. To help students understand the coordinate
system provide them with numerous examples of plotting
points. Be sure to initially always say the words ‘right’ and
‘up’ when plotting points.
Once a coordinate system has been introduced, students
may want to use it in a simple game similar to the commercial
game “Battleship” or they may want to create images on the
coordinate grid (such as a robot) (MP.6, MP.7).
After practice with plotting on a coordinate grid, have students
graph number patterns. Gathering and graphing data is a
valuable experience for students. It helps develop an
understanding of coordinates and what the overall graph
represents. Students also need to analyze the graph by
interpreting the coordinate values in the context of the
situation1 (MP.2, MP.3, MP.7, MP.8).

Coordinate Graphing
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Common Misconceptions:

Common Misconceptions:

Common Misconceptions:

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Vocabulary:

Vocabulary:

Vocabulary:
Origin
x-coordinate
y-coordinate
x-axis
y-axis

CCSS
Domain

Geometry (3.G)

Geometry (4.G)

Geometry (5.G)

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Students will demonstrate mastery of all previous skills and
learn to:

Reason with shapes and their attributes.

Draw and identify lines and angles, and classify
shapes by properties of their lines and angles.

Classify two-dimensional figures into categories
based on their properties.

2. Classify two-dimensional figures based on the presence or
absence of parallel or perpendicular lines, or the presence
or absence of angles of a specified size. Recognize right
triangles as a category, and identify right triangles.
3. Recognize a line of symmetry for a two-dimensional figure
as a line across the figure such that the figure can be folded
along the line into matching parts. Identify line-symmetric
figures and draw lines of symmetry.

3. Understand that attributes belonging to a category of two
dimensional figures also belong to all subcategories of that
category. For example, all rectangles have four right angles
and squares are rectangles, so all squares have four right
angles.
4. Classify two-dimensional figures in a hierarchy based on
properties.

Instructional Strategies: At this stage, students begin to

Instructional Strategies: Student should now extend

Instructional Strategies: At this stage students learn to

apply their previous understandings of two-dimensional
shapes by analyzing, comparing, and classifying groups of
shapes. Since students have gathered a firm foundation of
several shape categories, they use this understanding to
think about the relationships between classes. Students are
able to come up with broad categories for shapes (such as
quadrilaterals) and then create subcategories (e.g.,
parallelograms, rectangles, squares, etc.). Students should
be able to find examples of shapes that might fall within the
broad category (quadrilaterals) but not in any of the
subcategories7 (MP.7)

previous knowledge of shape classification learned in the
previous stage and new knowledge of lines and angles to
classify two-dimensional shapes based on angles and the
related geometric properties of perpendicularity and
parallelism. Previously, students had no knowledge of
triangle classification other than a general triangle. Now,
students begin learning how to classify triangles based on
angles (equiangular, acute, obtuse, or right) and/or sides
(equilateral, isosceles, or scalene). Students may learn to
cross-classify and name a shape by both its sides and angles
(right isosceles)7 (MP.7).

apply their understanding of classification and create
hierarchies of two-dimensional shapes. In the previous
stages students learned to create subcategories for a broader
shape classification. Now, students use that understanding to
see the relationships among shapes. For example,
previously a student might have created the subcategory of
rectangles for a group of parallelograms. At this stage,
students should be able to make the conclusion that all
rectangles are parallelograms, because they are all
quadrilateral with two pairs of opposite, parallel, equal-length
sides.

For example, given the quadrilaterals below students should
be able to identify subcategories and find shapes that do not
fit within the subcategory.

Students might apply their understanding through a game
called “Guess my Rule.” In this game, students are shown
two groups of shapes and asked in which group a new shape
might belong. For example, given the following two groups of
shapes
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1. Understand that shapes in different categories (e.g.,
rhombuses, rectangles, and others) may share attributes
(e.g., having four sides), and that the shared attributes can
define a larger category (e.g., quadrilaterals). Recognize
rhombuses, rectangles, and squares as examples of
quadrilaterals, and draw examples of quadrilaterals that do
not belong to any of these subcategories.
2. Partition shapes into parts with equal areas. Express the
area of each part as a unit fraction of the whole. For
example, partition a shape into 4 parts with equal area, and
describe the area of each part as 1/4 of the area of the
shape.

If the subcategory for the set above was shapes with opposite
sides of equal length, the following shapes would not fit that
description.

With practice categorizing shapes based on their properties,
students should become more flexible in their thinking about
given properties. For example, typically when given the
characteristics of a shape with two long side of the same
length and two short sides of the same length, a student
would generalize and draw a rectangle. When in reality,
those characteristics could render a multitude of different
shapes such as those below7 (MP.2, MP.3)

Challenging students to make shapes that have specific
properties is a good way to get students constantly thinking

Students would have to decide which group the following
shape would fit in (MP.2, MP.3, MP.7).

After the teacher places the shape into the first group the
students would have to come up with a different rule that fits
all cases.

Students who now understand angles as a method for
classification might notice that the shapes on the left all have
at least one right angle7.

An understanding of the hierarchy of shapes leads to
understanding propagation of properties. (MP.7). For
example, if students understand that squares possess all
properties of rhombuses and rectangles, then more specific
qualities of rhombuses are also found in squares. So, after
discovering that rhombuses’ diagonals are perpendicular
bisectors of one another, students should be able to then infer
that the squares’ diagonals are perpendicular bisectors as
well (MP.3, MP.7, MP.8).
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Classify
Attribute

Vocabulary:
Categorize
Equilateral triangle
Scalene triangle
Acute triangle
Right triangle
Attribute

Vocabulary:

Vocabulary:

Congruent
Right Triangle
Isosceles Triangle
Obtuse Triangle

Assessment Procedure:

Assessment Procedure:

Assessment Procedure:

Quadrilateral
Subcategory
Partition
Geoboard
Attribute

Common Misconceptions:

Common Misconceptions:

In the previous stage students were just expected to partition
shapes into equal parts. Now, students are applying their
understanding of partitioning shapes to decide whether a
shape can be split into two equal parts that mirror each other.
Have students utilize dot paper or geoboards to practice
building symmetrical designs. A straight line should be
created vertically, horizontally, or askew and a design should
be made on one side of the line. Then, students should
recreate the design on the other side. Through practice
creating symmetrical designs, students will learn to identify
shapes that have symmetry (MP.4, MP.5, MP.6, MP.7).

Instructional Strategies:

Common Misconceptions:

Partitioning rectangles into identical squares also creates an
array that students can utilize to practice multiplication (MP.1,
MP.2, MP.6, MP.7). At this stage students should know the
most efficient way to partition a rectangle into equal squares
(drawing congruent rows and columns)7.

Paper folding tasks also afford the same mathematical
practices of seeing and using structure, conjecturing, and
justifying conjectures (MP.3, MP4, MP.5, MP.6, MP.
7).Through folding paper students can see how particular
shapes can be divided into congruent pieces (e.g., folding a
paper in half twice, can create four congruent pieces)7.

Scalene

Obtuse
In an interdisciplinary lesson (that includes science and
engineering ideas as well as items from mathematics),
students might encounter another property that all triangles
have: rigidity. If four fingers (both thumbs and index fingers)
form a shape (keeping the fingers all straight), the shape of
that quadrilateral can be easily changed by changing the
angles. However, using three fingers (e.g., a thumb on one
hand and the index and third finger of the other hand),
students can see that the shape is fixed by the side lengths.
Triangle rigidity explains why this shape is found so
frequently in bridge, high-wire towers, amusement park rides,
and other constructions where stability is sought7 (MP.1, MP.
3, MP.4, MP.7)

Acute

Right

Equilateral Isosceles

triangles specifically, have students sort an entire collection
of triangles into groups first based on sides, and then angles.
Then, have students draw an example of each triangle in the
table below (MP.1, MP.3, MP.6).

Have lots of geoboards available in the classroom. It is
better for two or three children to have 10 or 12 geoboards
than for each to only have one. That way a variety of shapes
can be made and compared at one time (MP.5, MP.6, MP.7).
It is also important that students copy their geoboard designs.

In addition to classifying shapes based on their properties,
students should also investigate, describe, and reason about
decomposing and composing polygons to make other
polygons (MP.1, MP.3, MP.6, MP.7). In the previous stage
student partitioned shapes into halves, thirds, and quarters.
Now students will partition shapes into as many equal shares
as possible. Or, they partition shapes and write the
corresponding fraction for each partition. For example, in the
shape below partitioned into congruent triangles, each
triangle in 1/6 of the whole.

Instructional Strategies: In terms of working with

Instructional Strategies: about properties of shapes.
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